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Cosmic ray anisotropies

I (n) ≡ φ(n)

φiso
≡ 1 + δI (n)

32NDINTERNATIONALCOSMICRAYCONFERENCE,BEIJING2011

Figure1:Two-dimensionalrelativeintensitymapintheequatorialcoordinatesystemof5TeVgalacticcosmicrays
observedbytheTibetair-showerexperiment.
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Figure2:(a)ThesiderealdailyvariationobservedbytheTi-
betexperimentat6.2TeVfromDecember2001toNovember
2003.Thebest-fitfunctionwiththreeFouriercomponentsis
shownbytheblackline.(b)Theanti-siderealdailyvariation
observedbytheTibetexperimentat6.2TeVfromDecem-
ber2001toNovember2003.Thebest-fitsinusoidalcurveis
shownbytheblackline.

 0.995

 0.996

 0.997

 0.998

 0.999

 1

 51500 52000 52500 53000 53500 54000 54500

R
e
la
tiv
e
 in
te
n
si
ty
 a
t 
lo
ss
-c
o
n
e
 d
e
p
th

MJD

Tibet 4.4TeV
6.2TeV

12TeV
Milagro median 6TeV

 0.995

 0.996

 0.997

 0.998

 0.999

 1

 51500 52000 52500 53000 53500 54000 54500
R
e
la
tiv
e
 I
n
te
n
si
ty
 a
t 
lo
ss
-c
o
n
e
 v
a
lle
y 
(r
a
s=
1
8
9
)

MJD

Milagro median 6TeV
Matsushiro 0.6TeV

2007

R
el
at
iv
e 
in
te
ns
it
y 
at
 l
os
s−
co
ne
 d
ep
th

R
el
at
iv
e 
in
te
ns
it
y 
at
 l
os
s−
co
ne
 d
ep
th

(b)

2007 2006 2005 2004 2003 2002 2001 2000

2004 2003 2002 2001 200020052006

(a)

Figure3:TimedependenceofthemaximumdepthofLoss-
ConeobservedbytheTibetexperimentat4.4,6.2,12TeV
(a)andtheMatsushiroundergroundmuonobservatoryat
0.6TeV(b)[4],alongwithMilagro’sdatarepresentedby
blueopeninversetrianglesandthebest-fitlinearfunctionto
Milagro’sdata.ThedataandtheirerrorsbytheMatsushiro
undergroundmuonobservatoryaremultipliedbythree,to
compensatefortheattenuationoftheamplitudeinthesub-
TeVenergyregion.Alltheerrorbarsin(a)and(b)arethe
linearsumsofthestatisticalandsystematicerrors.
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Small-scale anisotropies

• Subtract off dipole and
quadrupole

• Smooth with 10◦ disk

→ Small-scale features

Abeysekara et al., ApJ 796 (2014) 108
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Angular power spectrum

HAWC
Abeysekara et al., ApJ. 865 (2018) 57;

also Abeysekara et al., ApJ 796 (2014) 108
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Score sheet

Properties

• Large-scale anisotropy of the order 10−3 . . . 10−4

at TeV . . .PeV energies

• Small-scale anisotropy of similar size

• Directional pattern also changes with energy

• No time-dependence
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Interpretations

Conventional quasi-linear theory only predicts dipole!

• Magnetic lenses
Salvati & Sacco, A&A 485 (2008) 527; Drury & Aharonian, Astropart. Phys. 29

(2008) 420; Battaner et al., A&A 527 (2011) 5; Harding et al., ApJ 822 (2016) 102

• Non-uniform pitch-angle diffusion
Malkov et al., ApJ 721 (2010) 750; Giacinti & Kirk, ApJ 835 (2017) 258

• Heliospheric effects
Lazarian & Desiati, ApJ 722 (2010) 188; Desiati & Lazarian, ApJ 762 (2013) 44;

Drury, Proc. 33rd ICRC (2013); Zhang et al., ApJ 790 (2014) 5

• Small-scale turbulence
Giacinti & Sigl, PRL 109 (2012) 071101; Ahlers, PRL 117 (2016) 151103; Ahlers &

Mertsch, ApJL 815 (2015) L2; Pohl & Rettig, Proc. 36th ICRC (2015) 451;

López-Barquero et al., ApJ 830 (2016) 19; López-Barquero et al. ApJ 842 (2017) 54

• Exotics Kotera et al., Phys. Lett. B725 (2013) 196; Harding, arXiv:1307.6537
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Small-scale turbulence and ensemble averaging

• In standard diffusion, compute C` from 〈f 〉:

C std
` =

1

4π

∫
dp̂1

∫
dp̂2 P`(p̂1 · p̂2)〈f (p̂1)〉〈f (p̂2)〉

• However, in an individual realisation of δB, δf = f − 〈f 〉 6= 0

〈C`〉 =
1

4π

∫
dp̂1

∫
dp̂2 P`(p̂1 · p̂2)〈f (p̂1)f (p̂2)〉

• If f (p̂1) and f (p̂2) are correlated,

〈f (p̂1)f (p̂2)〉 ≥ 〈f (p̂1)〉〈f (p̂2)〉 ⇒ 〈C`〉 ≥ C std
`

Source of the small scale anisotropies?
Giacinti & Sigl, PRL 109 (2012) 071101

Ahlers, PRL 112 (2014) 021101, Ahlers & Mertsch, ApJL 815 (2015) L2, Pohl & Rettig, Proc. 36th ICRC

(2015) 451, López-Barquero et al., ApJ 830 (2016) 19, López-Barquero et al. ApJ 842 (2017) 54
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Gradient ansatz

• Vlasov equation:

df

dt
=
∂f

∂t
+ ṙ · ∇rf +

qv

c
× (B0 + δB) · ∇pf

' ∂f

∂t
+ (cp̂ · ∇r + q(p̂× B0) · ∇p)︸ ︷︷ ︸

L0

f + (q(p̂× δB) · ∇p)︸ ︷︷ ︸
δL

f = 0

• Gradient ansatz:
f (r, p̂, t) = f�(p̂, t) + (r� − r) · G ,

→ Dipolar source term in the Vlasov equation:

∂f�
∂t

+ (q(p̂× B0) · ∇p)︸ ︷︷ ︸
L′0

f� + (q(p̂× δB) · ∇p)︸ ︷︷ ︸
δL

f� = c p̂ · G
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Mixing matrices
• Define propagator:

Ut,t0 = T exp

[
−
∫ t

t0

dt ′ (L′0 + δL(t ′))

]

• Formal solution of Vlasov equation:

f�(p, t) = Ut,t0 f�(p, t0) +

∫ t

t0

dt ′Ut,t′c p̂ · G

→ Differential equation for 〈C`〉,

d

dt
〈C`〉(t) +

(
lim
t0→t

δ``0 −M``0 (t, t0)

t − t0

)
〈C`0〉(t) =

8π

9
K |G|2δ`1

where

M``0 (t, t0) =
1

4π

∫
dp̂A

∫
dp̂BP`(p̂A · p̂B)〈UA

t,t0
UB∗
t,t0
〉2`0 + 1

4π
P`0 (p̂A · p̂B)

mixing `0 → ` sourcing `
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One particle propagator

“Feynman” rules

• Free propagator: U
(0)
t,t′

1
• Stochastic field: δL(t)

1
• Correlation: 〈δL(t)U

(0)
t,t′δL(t ′)〉

1
〈Ut,t0〉 ≡ = + +

+ + + . . .
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Double propagator

For 〈f (p̂1)f (p̂2)〉 we need correlated evolution of two particles:

〈UA
t,t0U

B∗
t,t0〉 = +

(
+ +

)

+

(
+ + +

+ + + +

+ + +

)
+ . . .
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Ignoring correlations

• Without “interactions”:

〈UA
t,t0U

B∗
t,t0〉 ' + + +

1

• Mixing matrix diagonal:
M``0 (t, t0) ∼ δ``0

d

dt
〈C`〉(t) +

(
lim
t0→t

δ``0 −M``0 (t, t0)

t − t0

)
〈C`0〉(t) =

8π

9
K |G|2δ`1 ,

• Steady state → only dipolar anisotropy:

〈C`〉 ∝ δ`1 ,
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With correlations

• With “interactions”

〈UA
t,t0U

B∗
t,t0〉 ' + + +

1

• Mixing matrix not diagonal:

M``0 (t, t0) ∼ δ``0 +
∑

`A

κ`A(t − t0)

(
` `A `0

0 0 0

)2

(2`0 + 1)`0(`0 + 1)

d

dt
〈C`〉(t) +

(
lim
t0→t

δ``0 −M``0 (t, t0)

t − t0

)
〈C`0〉(t) =

8π

9
K |G|2δ`1 ,

→ Gradient source term is mixing into higher harmonics!
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Toy model

• Isotropic turbulence tensor:

〈δB̃i (k) δB̃∗j (k′)〉 =
g(k)

k2

(
δij − k̂i k̂j

)
δ(k− k′)

• Band-limited white noise:

g(k) = g0 if k0 ≤ k < k1

2 /k0

2 /k1

• In order to get local operators

∆T ≡ (t − t0)→ 0 while k1∆T = const.

• Require k1∆T > 1 and k0∆T � 1
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Results

1 5 10 15 20 25 30

`

10−10

10−9

10−8

10−7

10−6

10−5

10−4

C
`

k1c∆T = 1

k1c∆T = 10

k1c∆T = 50

k1c∆T = 102

k1c∆T = 103

k1c∆T = 104

HAWC and IC (2017)

HAWC (2018)

• Fix source term K |G|2 to 10−4k0

• Let k1c∆T vary

• No shot noise
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HAWC (2018)

• Let source term K |G|2 float

• Numerical simulations point to k1c∆ ∼ 50

• Add shot noise due to experimental statistics
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Discussion

Good agreement with HAWC and combined data

→ Beware of cosmic variance:

∆C` =
√

2/(2`+ 1)〈C`〉

• The anisotropy of the ensemble average might not be perfectly dipolar
Giacinti & Kirk, ApJ 835 (2017) 258

• Need to include regular field B0

• Test different turbulence correlation tensors
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Summary

Observation of anisotropies
down to . 10◦

Unexpected in conventional
diffusion theory!

PRELIMINARY
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Small-scale turbulence model

• Correlated propagation of particle pairs

• Differential equation for 〈C`〉
• Diagrammatic technique
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Backup

3 Diagrammatic technique

4 Observations

5 Quasi-linear theory
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Time evolution operator

• Liouville’s theorem:

∂

∂t
f + (L0 + δL(t)) f (t) = 0 ı~

∂

∂t
|ψ(t)〉 − (H0 + HI ) |ψ(t)〉 = 0

• Formally solved as

f (r,p, t) = Ut,t0 f (r,p, t0) |ψ(t)〉 = U(t, t0)|ψ(t0)〉

• With free propagator:

U
(0)
t,t0

= exp

[
−
∫ t

t0

dt ′L0(t ′)

]
U(0)(t, t0) = exp [−ıH0(t − t0)/~]

• And time evolution operator:

Ut,t0 = U
(0)
t,t0
T exp

[
−
∫ t

t0

dt ′
(
U

(0)
t′,t0

)−1

δL(t ′)U(0)
t′,t0︸ ︷︷ ︸

∼interaction picture Hamiltonian

]
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Mean Green’s function
• Perturbative expansion (Dyson series):

Ut,t0
= U

(0)
t,t0

+
∑

n≥1

(−1)n
∫ t

t0

dtn

∫ tn

t0

dtn−1 . . .

∫ t2

t0

dt1

× U
(0)
t,tnδL(tn)U

(0)
tn,tn−1

δL(tn−1) . . . δL(t1)U
(0)
t1,t0

.

• But δL(t) is a random variable. So what is 〈Ut,t0
〉?

• Evaluate expectation values in Gaussian approximation:

〈δL(tn)δL(tn−1) . . . δL(t1)〉 ' 〈δL(tn)δL(tn−1)〉 . . . 〈δL(t1)δL(t0)〉+ permut.

• Fourth order term:
∫ t<t4<t3<t2

t0

dt4 . . . dt1U
(0)
t,t4
δL(t4)U

(0)
t4,t3

δL(t3)U
(0)
t3,t2

δL(t2)U
(0)
t2,t1

δL(t1)U
(0)
t1,t0

+

∫ t<t4<t3<t2

t0

dt4 . . . dt1U
(0)
t,t4
δL(t4)U

(0)
t4,t3

δL(t3)U
(0)
t3,t2

δL(t2)U
(0)
t2,t1

δL(t1)U
(0)
t1,t0

+

∫ t<t4<t3<t2

t0

dt4 . . . dt1U
(0)
t,t4
δL(t4)U

(0)
t4,t3

δL(t3)U
(0)
t3,t2

δL(t2)U
(0)
t2,t1

δL(t1)U
(0)
t1,t0
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Resummation and Bourret approximation

• Full series convergent, but partial series can diverge

→ Resummation of connected diagrams into “mass operator”

= + + + . . . ,

1

so summands in 〈Ut,t0
〉 factorise:

= + + + . . .

1

• Bourret approximation: approximate mass operator with its first term,

≡ + + + . . .
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Diffusion on sphere
• For homogeneous and static turbulence and Ω = 0:

〈Ut,t0
〉 ' e−ν(t−t0)L2

• Diffusion equation in n̂:

∂

∂t
f (t, n̂)− ν∆f (t, n̂) = 0

• Laplacian on sphere (for |r| = 1):

∆ = −L2

• Solved by:

f (t, n̂) = e−ν(t−t0)L2

f (t0, n̂) = 〈Ut,t0
〉f (t0, n̂)

Bourret propagator describes isotropic pitch-angle scattering
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Example: non-interacting diagram

〈UA
t,t0U

B∗
t,t0〉 ' + + +

1

(
〈UA

t,t0
UB∗
t,t0
〉
)

1a
=

∫ t

t0

dt2

∫ t2

t0

dt1U
A(0)
t,t2
〈δLAt2U

A(0)
t2,t1

δLAt1 〉U
A(0)
t1,t0

U
B∗(0)
t,t0

= −
∫ t

t0

dt2

∫ t2

t0

dt1

∫
d3k

∫
d3k ′eık·rA(t2)−ık′·rA(t1)〈ω̃i (k)ω̃∗j (k′)〉LAi L

A
j

= −
∫ t

t0

dt2

∫ t2

t0

dt1

∫
d3k

∫
d3k ′eık·(−p̂A(t−t2))−ık′·(−p̂A(t−t1))〈ω̃i (k)ω̃∗j (k′)〉LAi L

A
j

= −
∫ t

t0

dt2

∫ t2

t0

dt1

∫
dk k2 g(k)

k2

∫
dk̂ eık·p̂A(t2−t1)

(
δij − k̂i k̂j

)
LAi L

A
j

where we have used that

δLt = −ıω(r(t)) · L , ω(r) =

∫
d3k eık·rω̃(k) , r(t′) = −p̂(t − t′) , U0 = 1 .

and assumed for the turbulence tensor

〈ω̃i (k)ω̃∗j (k′)〉 =
g(k)

k2

(
δij − k̂i k̂j

)
δ(k− k′) , g(k) = g0

(
k

k0

)−q
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Example: non-interacting diagram

Now, we substitute,

T ≡ t2 − t0 ⇒ dT = dt2 and τ ≡ t2 − t1 ⇒ dτ = −dt1

and, performing a plane wave expansion, we find(
〈UA

t,t0
UB∗
t,t0
〉
)

1a
= −

∫ t−t0

0
dT

∫ T

0
dτ

∫
dkg(k)

∑
`A

(2`A + 1)ı`A j`A (kτ)

∫
dk̂P`A (k̂ · p̂A)

(
δij − k̂i k̂j

)
LAi L

A
j

=−
∑
`A

(2`A + 1)ı`A
(∫ t−t0

0
dT

∫ T

0
dτ

∫
dkg0j`A (kτ)

)
︸ ︷︷ ︸

≡Λ`A
(t−t0)

∫
dk̂P`A (k̂ · p̂)

(
δij − k̂i k̂j

)
LAi L

A
j

where by substituting T = T ′∆T and τ = τ ′T = τ ′T ′∆T ,

Λ`A (∆T ) =

∫ ∆T

0
dT

∫ T

0
dτ

∫
dkg0j`A (kτ)

= g0k0(∆T )2
∫ 1

0
dT ′ T ′

∫ 1

0
dτ ′

∫ ∞
1

dk ′j`A (k0∆Tk ′τ ′T ′)

= γr2
∫ 1

0
dT ′ T ′

∫ 1

0
dτ ′

∫ ∞
1

dk ′j`A
(
r k ′ τ ′ T ′

)
Here, we have defined r ≡ k0∆T and γ ≡ g0/k0.
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Energy dependence

Abeysekara et al., arXiv:1805.01847

Decrease of amplitude and flip of direction around 100 TeV also seen by IceCube
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Time dependence
No. 1, 2010 TEMPORAL VARIATIONS OF MULTI-TeV CR ANISOTROPY 123

D
ec

.(d
eg

re
e)

0

20

40

60

0.998

1.000

1.002

 phase 1

         Local sidereal time(hour)
0 5 10 15 20

R
el

. i
nt

en
si

ty

0.999

1.000

1.001
/ndf   30.19/182χ

prob.     0.036

D
ec

.(d
eg

re
e)

0

20

40

60

0.998

1.000

1.002

 phase 2

         Local sidereal time(hour)
0 5 10 15 20

R
el

. i
nt

en
si

ty

0.999

1.000

1.001
/ndf   29.18/182χ

prob.     0.046

D
ec

.(d
eg

re
e)

0

20

40

60

0.998

1.000

1.002

 phase 3

         Local sidereal time(hour)
0 5 10 15 20

R
el

. i
nt

en
si

ty

0.999

1.000

1.001
/ndf   13.90/182χ

prob.     0.735

D
ec

.(d
eg

re
e)

0

20

40

60

0.998

1.000

1.002

 phase 4

         Local sidereal time(hour)
0 5 10 15 20

R
el

. i
nt

en
si

ty

0.999

1.000

1.001
/ndf   17.90/182χ

prob.     0.462
D

ec
.(d

eg
re

e)

0

20

40

60

0.998

1.000

1.002

 phase 5

         Local sidereal time(hour)
0 5 10 15 20

R
el

. i
nt

en
si

ty

0.999

1.000

1.001
/ndf   19.24/182χ

prob.     0.377

D
ec

.(d
eg

re
e)

0

20

40

60

0.998

1.000

1.002

 phase 6

         Local sidereal time(hour)
0 5 10 15 20

R
el

. i
nt

en
si

ty

0.999

1.000

1.001
/ndf   12.75/182χ

prob.     0.806

D
ec

.(d
eg

re
e)

0

20

40

60

0.998

1.000

1.002

 phase 7

         Local sidereal time(hour)
0 5 10 15 20

R
el

. i
nt

en
si

ty

0.999

1.000

1.001
/ndf   10.77/182χ

prob.     0.904

D
ec

.(d
eg

re
e)

0

20

40

60

0.998

1.000

1.002

 phase 8

         Local sidereal time(hour)
0 5 10 15 20

R
el

. i
nt

en
si

ty

0.999

1.000

1.001
/ndf   28.46/182χ

prob.     0.055

D
ec

.(d
eg

re
e)

0

20

40

60

0.998

1.000

1.002

 phase 9

         Local sidereal time(hour)
0 5 10 15 20

R
el

. i
nt

en
si

ty

0.999

1.000

1.001
/ndf   32.86/182χ

prob.     0.017

Figure 2. CR intensity variation in the local sidereal time frame for CRs with the modal energy around 5 TeV in the nine phases of Tibet III array. Top: two-dimensional
intensity map of each phase; Bottom: one-dimensional projection averaged over all declinations. In bottom plots of each panel, the red crosses in each plot show the
intensity variation over each phase respectively, while the dashed blue lines represent the intensity averaged over all nine phases of Tibet III array.

The observation period of Tibet III array covers more than a
half of the 23rd solar activity cycle from the maximum to the
minimum. So it implies that the sidereal anisotropy of multi-TeV
GCRs is insensitive to the solar activity. It disagrees with the
recent result of Milagro experiment (Abdo et al. 2009), which
shows an increase in the amplitude of the sidereal anisotropy
with time while the phase remains stable.

4. CONCLUSIONS

In this work, we investigate temporal variations of the large-
scale sidereal anisotropy of GCR intensity using the data of
Tibet III Air Shower Array from 1999 November to 2008
December. Totally ∼4.91 × 1010 CR events are used. The data
are divided into nine intervals, each in a time span of about one
year. We find that, in the multi-TeV energy range, the sidereal
anisotropy is fairly stable year by year over all nine phases
of Tibet III array, which covers more than a half of the 23rd
solar cycle from the maximum to the minimum. It indicates that
the anisotropy in this energy range appears insensitive to solar
activities. This feature can give some constraints on the origin
of the sidereal anisotropy, which has no convincing and widely
accepted explanations so far.

The collaborative experiment of the Tibet Air Shower Arrays
has been performed under the auspices of the Ministry of
Science and Technology of China and the Ministry of Foreign
Affairs of Japan. This work was supported in part by Grants-in-
Aid for Scientific Research on Priority Areas (712) (MEXT),
by the Japan Society for the Promotion of Science (JSPS), by
the National Natural Science Foundation of China, the Chinese

Academy of Sciences and the Ministry of Education of China.
C.F. is partially supported by the Natural Science Foundation of
Shandong Province, China (No. Q2006A02).

REFERENCES

Abbasi, R. U., et al. 2009, arXiv:0907.0498
Abdo, A. A., et al. 2009, ApJ, 698, 2121
Aglietta, M., et al. 1996, ApJ, 470, 501
Amenomori, M., et al. 1992, Phys. Rev. Lett., 69, 2468
Amenomori, M., et al. 2002, Proc. 27th Int. Cosmic Ray Conf. (Berlin), 2,

573
Amenomori, M., et al. 2004, Phys. Rev. Lett., 93, 061101
Amenomori, M., et al. 2005a, ApJ, 626, L29
Amenomori, M., et al. 2005b, ApJ, 633, 1005
Amenomori, M., et al. 2006, Science, 314, 439
Amenomori, M., et al. 2007, in AIP Conf. Proc. 932, Turbulence and Nonlinear

Processes in Astrophysical Plasmas, ed. D. Shaikh & G. P. Zank (Melville,
NY: AIP), 283

Amenomori, M., et al. 2010, Proc. 31st Int. Cosmic Ray Conf. (Lodz), ICRC
0296, in press

Andreyev, Yu. M., Kozyarivsky, V. A., & Lidvansky, A. S. 2008,
arXiv:0804.4381

Berezinsky, V. S. 1990, Proc. 21st Int. Cosmic Ray Conf. (Adelaide), 11, 115
Compton, A. H., & Getting, I. A. 1935, Phys. Rev., 47, 817
Cutler, D. J., Bergeson, H. E., Davies, J. F., & Groom, D. E. 1981, ApJ, 248,

1166
Cutler, D. J., & Groom, D. E. 1986, Nat. Lett., 322, L434
Erlykin, A. D., & Wolfendale, A. W. 2006, Astropart. Phys., 25, 183
Guillian, G., et al. 2007, Phys. Rev. D, 75, 062003
Jacklyn, R. M. 1966, Nature, 211, 690
Kozyarivsky, V. A., & Lidvansky, A. S. 2008, Astron. Lett., 34, 113
Kozyarivsky, V. A., et al. 1995, Bull. Russ. Acad. Sci., Phys., 59, 714
Li., A. F., et al. 2008, Proc. 30th Int. Cosmic Ray Conf. (Mexico City), 1,

609
Lomb, N. R. 1976, Ap&SS, 39, 447

Amenomori et al., ApJ 711 (2010) 119

No significant time-dependence over 9 years.

Philipp Mertsch (RWTH Aachen) Small-scale anisotropies 26 July 2019 11 / 14



Backup

3 Diagrammatic technique

4 Observations

5 Quasi-linear theory

Philipp Mertsch (RWTH Aachen) Small-scale anisotropies 26 July 2019 12 / 14



Vlasov equation

• Liouville’s theorem:

df

dt
=
∂f

∂t
+ ṙ · ∇rf + ṗ · ∇pf = 0

• In a regular and turbulent magnetic field:

B(r) = B0 + δB(r) ≡ p0/e (Ω + ω(r))

• Angular momentum operator L ≡ −ıp×∇p:

ṗ · ∇pf = p× (Ω + ω(r)) · ∇pf = −ı(Ω + ω(r)) · Lf

• Deterministic and stochastic operators L0 and δL:

∂f

∂t
+ (ṙ · ∇r − ıΩ · L)︸ ︷︷ ︸

L0

f + (−ıω · L)︸ ︷︷ ︸
δL

f = 0
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Quasi-linear theory

e.g. Jokipii, Rev. Geophys. 9 (1971) 27

• Equations for averaged phase space density and fluctuations: f = 〈f 〉+ δf

∂

∂t
〈f 〉+ L0〈f 〉 = −〈δLδf 〉 ,
∂

∂t
δf + L0δf ' −δL〈f 〉 .

• Integration along unperturbed trajectories P(t ′)

δf (t, r,p) ' δf (t0, r(t0),p(t0))−
∫ t

t0

dt ′
[
δL〈f 〉

]
P(t′)

• Scattering term 〈δLδf 〉 can be approximated as

〈δLδf 〉 ' −
〈
δL
∫ t

−∞
dt ′
[
δL〈f 〉

]
P(t′)

〉
' ∂

∂µ
Dµµ

∂

∂µ
〈f 〉

→ Pitch-angle diffusion → spatial diffusion
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