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Cosmic ray anisotropies
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Small-scale anisotropies

e Subtract off dipole and
quadrupole

e Smooth with 10° disk

— Small-scale features

Abeysekara et al., ApJ 796 (2014) 108
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Angular power spectrum
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Score sheet

Properties

e Large-scale anisotropy of the order 1073...10~*
at TeV...PeV energies

e Small-scale anisotropy of similar size
e Directional pattern also changes with energy
e No time-dependence
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Interpretations

Conventional quasi-linear theory only predicts dipole!

e Magnetic lenses
Salvati & Sacco, A&A 485 (2008) 527; Drury & Aharonian, Astropart. Phys. 29
(2008) 420; Battaner et al., A&A 527 (2011) 5; Harding et al., ApJ 822 (2016) 102

e Non-uniform pitch-angle diffusion
Malkov et al., ApJ 721 (2010) 750; Giacinti & Kirk, ApJ 835 (2017) 258
e Heliospheric effects

Lazarian & Desiati, ApJ 722 (2010) 188; Desiati & Lazarian, ApJ 762 (2013) 44;
Drury, Proc. 33rd ICRC (2013); Zhang et al., ApJ 790 (2014) 5

e Small-scale turbulence
Giacinti & Sigl, PRL 109 (2012) 071101; Ahlers, PRL 117 (2016) 151103; Ahlers &
Mertsch, ApJL 815 (2015) L2; Pohl & Rettig, Proc. 36th ICRC (2015) 451;
Lépez-Barquero et al., ApJ 830 (2016) 19; Lépez-Barquero et al. ApJ 842 (2017) 54

e Exotics Kotera et al,, Phys. Lett. B725 (2013) 196; Harding, arXiv:1307.6537
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Small-scale turbulence and ensemble averaging

e In standard diffusion, compute C, from (f):
Ct¢ = o= [ ab [[aba Pilps52) (510 7152,
e However, in an individual realisation of §B, 6f = f — (f) #0
() = o= [ b [ aba Pulps-5a) 7 (51)f(62)

e If f(p1) and f(po) are correlated,

(F(B1)f(B2)) = (F(BL)(F(B2)) = (Co) = G

Source of the small scale anisotropies?
Giacinti & Sigl, PRL 109 (2012) 071101

Ahlers, PRL 112 (2014) 021101, Ahlers & Mertsch, ApJL 815 (2015) L2, Pohl & Rettig, Proc. 36th ICRC

(2015) 451, Lépez-Barquero et al., ApJ 830 (2016) 19, Lépez-Barquero et al. ApJ 842 (2017) 54
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Gradient ansatz

e Vlasov equation:

df  of qv
a—a“rr'vrfﬁ-?X(Bo'FéB)'vpf
of " " ~
~ 5 (B Vi +q(p xBo)- V) f+ (q(p x 0B)- V) =0

Lo oL

e Gradient ansatz:
f(l’,ﬁ, t) = f@(ﬁa t)+(l’@ _r) 'Ga

— Dipolar source term in the Vlasov equation:

of, R A i
57?+(Q(P>< Bo)  Vp)fo +(g(p x 6B) - V,) f =cp- G
— N———
Ly 5L
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Mixing matrices

e Define propagator:

t
Ui, = T exp [—/ dt’ (Ly + 6£(t’))]

to

e Formal solution of Vlasov equation:

t
fo(p, t) = Urtofo(p, to) + / dt'Usecp- G
to

— Differential equation for (C),

d . Opty — Mgy (8, 1) 8T 12
C lim ————2" 2 (C,\(t) = —K|G|d
o+ (fim Me=Helb8Y) (¢~ EKiGPon
mixing o — £ sourcing ¢
where
L 26+ 1
Mg, (t, to) /dpA/dPBPE(pA PB)(UtAtOUFtO) S Py, (pa- P5)
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One particle propagator

“Feynman” rules

e Free propagator: Uiot), —
e Stochastic field: 6L(t)
e Correlation: <5ﬁ(t)U§?t)/5£(t')> -
(Uto) =— = 74’
SR S +
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Double propagator

For (f(p1)f(p2)) we need correlated evolution of two particles:

+<_, + + +
+ + 4 +
+ + + A‘>+
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lgnoring correlations

e Without “interactions”:

1
+
+

(Ui Uit

e Mixing matrix diagonal:
Mg, (t, to) ~ See,

A TORE <nm Oety — My (1, o)

to—t t— to

) (Gu(® = S KiGFsa.

e Steady state — only dipolar anisotropy:

(Ce) < 001,
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With correlations

e With “interactions”

<Utt0Utto> =~ + + e+

e Mixing matrix not diagonal:

2
b by ¥
Mg@o(t, to)N Opry + E HgA(t—to)< 0 OA (;) ) (2@0+1)£0(£0+1)
la

%(Cﬁ(t) + (Ilm Oety = Meeo(t, to)

to—>t t—to

) (G (® = S KIGFsa.
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With correlations

e With “interactions”

<U{?tOU£5*> ~ + + e+

0

e Mixing matrix not diagonal:

Oty — Mgy (t, to)

8w 5
=Pl 8) ()(0) = S KIGF o,

d .
E(Cd(t) + <t!)|m
— Gradient source term is mixing into higher harmonics!
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Toy model

e |sotropic turbulence tensor:

e Band-limited white noise:

glk)=g0 if k<k<k

Zniky
e In order to get local operators
AT =(t—t) =0 while kAT = const.
e Require kAT >1and kAT <« 1
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Results

Ce

10—10 ]

k1cAT =1
k1cAT = 10
k1cAT = 50
k1cAT = 102
k1cAT = 103
k1cAT = 10*
HAWC and IC (2017)
HAWC (2018)

e Fix source term K|G|? to 10~*kg
o Let kicAT vary
* No shot noise
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Results

107 5

E —— k1cAT =1
_5 1 —— k1cAT =10
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1076 4 — KkjcAT = 103
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e Let source term K|G|? float
e Numerical simulations point to kjc/A ~ 50
e Add shot noise due to experimental statistics
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Discussion

Good agreement with HAWC and combined data

— Beware of cosmic variance:
AC = 2/(2£+1)<Cz>

e The anisotropy of the ensemble average might not be perfectly dipolar
Giacinti & Kirk, ApJ 835 (2017) 258

e Need to include regular field By

e Test different turbulence correlation tensors
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Summary
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Time evolution operator

e Liouville's theorem:
1o}
af + (Lo +dL(2))F(t)=0

e Formally solved as
f(l’, P, t) = Ut,tg f(r, P, tO)

e With free propagator:
t
Uy = exp [ / dflﬁo(fl)}

to
e And time evolution operator:

7h%|l,!(t)> — (Ho + H)) |(t)) =0
908} = Ut to) ()

UON(t, ty) = exp[—1Ho(t — to)/H]

t -1
Uty = UE%’Texp [7/ dt’ (Ugf{)to) 5ﬁ(t’)U§,07)t0
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Mean Green's function
e Perturbative expansion (Dyson series):
o t th t>
Ut,to = UE,L% + Z(*l)"/ dt,,/ dt,—1. / dty
n>1 to to to
x US)SL(t) U, 6L(tn1)...0L(t1) U, .

e But 6£(t) is a random variable. So what is (U, ,,)?
o Evaluate expectation values in Gaussian approximation:

(6L(tn)0L(tn—1) ... 0L(t1)) = (SL(tn)0L(tn-1)) - .. (0L(t1)0L(t0)) + permut.
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Mean Green's function

e Perturbative expansion (Dyson series):
o t th t
Uy = U§%+Z(f1)”/ dt,,/ dtn_l.../ dty
n>1 to to to
x US)SL(t) U, 6L(tn1)...0L(t1) U, .

e But 6£(t) is a random variable. So what is (U, , )7
o Evaluate expectation values in Gaussian approximation:

(6L(tn)0L(tn—1) ... 0L(t1)) = (SL(tn)0L(tn-1)) - .. (0L(t1)0L(t0)) + permut.

e Fourth order term:

t<ty<tz<ty |—| |—|
/dt4 A U9 6£(t) UL, 5L(t5) UL, 6L (1) U, 6£(11) UL,
T

0

t<ty<ts<tr — |
dta ... dts U SL(ta) U, 0 L(t3) UL 6 L(12) UL, 6£(1) UL,

to

t<ty<tz3<ta I 0) I 0) | (0
+/dt4 -dty Ut ty ﬁ(t4) ty, t35£(t3) ts, t2(5£(t2) t, tléﬁ(tl)utl to
t

0
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Resummation and Bourret approximation

e Full series convergent, but partial series can diverge

— Resummation of connected diagrams into “mass operator”

@="+ PSS

so summands in (U, , ) factorise:

—_— -+ oo +...

e Bourret approximation: approximate mass operator with its first term,
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Diffusion on sphere

e For homogeneous and static turbulence and €2 = 0:

(Ugy) =~ e V-0l
s Lo

e Diffusion equation in i:

a A A p—
af(t,n) —vAf(t,d) =0

e Laplacian on sphere (for |r| = 1):
A=—-L?

e Solved by:
f(t,8) = e O f (10, 8) = (Uy ) (10, A)

Bourret propagator describes isotropic pitch-angle scattering
26 July 2019 6/ 14



Example: non-interacting diagram

©) 8+(0)

t1,to

(i, ues)), / dt2/ da USDscA utQscidyuf

t2,t

/ dtg/ dtl/d3k/d3k' deralta) =k valt) (g, (k)i (K)) L{ LY

__/ dtZ/ dtl/d3k/daklom(—m(t—rz))—zk'~<—ﬁA<t—n>><u~,,.(k)~J.*(k')>L,ALﬁ
ty ty

(k -
/dtg/ dtl/dkkzg )/dk ebate=n) (5 — kiky) LAL

where we have used that
SLe = —w(r(t)) - L, /dSke’k Bk, r(t) = —p(t—t), U°=1.

and assumed for the turbulence tensor

@02 () = B9 (5 — ki) sk~ ¥, g(k):go(iy"
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Example: non-interacting diagram
Now, we substitute,

T=t—ty = dT =dtp and 7=t —t1 = dr = —dt;

and, performing a plane wave expansion, we find

t—tp T R R .
(wh,uee), = 7/0 dT/O dT/ dkg(k) D(20a + 1)e"Aji, (kT) [akPo, (k- pa) (85 — kik)
7

:7%:(28;\ + 1)eta (/OFm dT/OTdr/dkgojzA(kT))/dIQPgA(;z - ) (50. s “j)

=Ny, (t—10)

where by substituting T = T'AT and 7 =7'T =7/ T'AT,
AT T
/\gA(AT)Z/ dT/ dT/dkgong(kT)
0 0
1 1 oo
:goko(AT)z/ a7’ T’/ dT'/ dk'jo, (ko ATK' 7' T')
0 0 1

_ 2 ! ! T ! / > /- 11
=~r dT' T dr dk_][A(l’kT T)
0 0 1

Here, we have defined r = kAT and v = go/ko.
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Energy dependence

Abeysekara et al., arXiv:1805.01847

]
Decrease of amplitude and flip of direction around 100 TeV also seen by IceCube
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Time dependence
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Amenomori et al., ApJ 711 (2010) 119

No significant time-dependence over 9 years.
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Vlasov equation

e Liouville's theorem:

af  of . .
T g TE VAP Vef=0

e In a regular and turbulent magnetic field:
B(r) = Bo + 3B(r) = po/e (2 + w(r))
e Angular momentum operator L = —ip X V!
B Vof =px (Q+w(r) - Vof = —o(Q+w(r) - LF
e Deterministic and stochastic operators Ly and §L:

g+(f~V,—zQ~L)f+(fzw~L)f:0
ot ~—(— ——
Lo oL
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Quasi-linear theory
€.g. Jokipii, Rev. Geophys. 9 (1971) 27

e Equations for averaged phase space density and fluctuations: f = (f) + §f

0

() + Lolf) = —(0L6f)
0
50 + Lodf = —0L(f).

e Integration along unperturbed trajectories P(t')

SF(£1,p) ~ 6F (¢, F(to), P(to)) — /tdt’ [oc(r)]

t P(t")

e Scattering term (6L4f) can be approximated as

(5L3F) ~ — <5.c /t dt’ {5£<f>h(t,)> ~ %Dﬂﬂa%m

— 00

— Pitch-angle diffusion — spatial diffusion

Philipp Mertsch (RWTH Aachen) 26 July 2019 14 / 14



	Observations
	Small-scale turbulence model
	Appendix
	Diagrammatic technique
	Observations
	Quasi-linear theory


