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The	scope	of	this	talk:

Detection	/	
Measurements

ICRC2019	HighLightICRC2019	HighLight

Air	Shower	PhysicsHadronic	
Interactions
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Extensive	Air	Showers
Information	is	degraded.

We	go	from	~	𝒪(1012)	independent	
variables	to	~	𝒪 (10)	independent	
observables.

Now	much	information	about	the	
mass	of	the	primary	and	the	
interactions	is	possible	to	recover?	
(In	particular	from	the	1st interaction)



The	general	strategy
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Make	troubles	for	the	hadronic	models		😈

Direct	measurement	on	variables	of	the	1st interaction	(end	of	this	talk)

• Primary	mass	and	uncertainties	in	
hadronic	models	share	phase-space

Model	A• We	check	the	compatibility	of	data	with	
the	mass	phase-space	of	a	given	model

• Obs 1	and	Obs 2:	different	mass	
interpretations	for	model	A	
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Make	troubles	for	hadronic	models		😈

• Primary	mass	and	uncertainties	in	
hadronic	models	share	phase-space

Model	B

• We	check	the	compatibility	of	data	with	
the	mass	phase-space	of	a	given	model

• Obs 1	and	Obs 2:	different	mass	
interpretations	for	model	A.

• Obs 1	and	Obs 2:	same	mass	
interpretation	for	model	B	

Fe

p

5Direct	measurement	on	variables	of	the	1st interaction	(end	of	this	talk)



Muonic	component

Hadronic shower

(mesons &	baryons)

Electromagnetic shower (electrons and	
photons)

Primary:	
Hadron

Primary:Photon

The	bulk	of	radiated	and	visible	
energy	comes	from	the	EM	cascade

Muons trace	the hadronic shower which is the
backbone of	the whole cascade

л0 decays are	the propellers of	the EM	cascade
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Energy	Balance	of	the	shower
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EM	cascade	takes	>50%	of	its	energy	from	1st,	2nd and	3rd hadr.	generations	
Sensitive	to	High	Energy	Physics

Hadronic	cascade:	Keeps	developing	until	critical	energy	of	mesons.
Sensitive	to	High	&	Low	Energy	Physics.	 9
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Relevant*	hadronic	parameters
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Figure 4. Inelastic p-p cross sections calculated with EPOS LHC
(full line), QGSJETII-04 (dashed line), and Sibyll 2.3 (dashed-
dotted line). Points are data from [53] and the stars are the LHC
measurements [54–58].

200

300

400

500

600

700

10 10
2

10
3

10
4

10
5

10
6

  √s (GeV) 

 in
el

as
tic

 c
ro

ss
 s

ec
tio

n 
(m

b)

p+air
QGSJETII-04
EPOS LHC
SIBYLL 2.3

π+air

Figure 5. Inelastic p-air (thick lines) and π -air (thin lines) cross
sections calculated with EPOS LHC (full line), QGSJETII-04
(dashed line), and Sibyll 2.3 (dashed-dotted line).

of electromagnetic particles at ground level is strongly
correlated to this observable (if the shower maximum is
closer to ground, the number of particles is higher).

The inelastic cross section of proton-proton scattering
is usually used as an input to fix basic parameters in
all hadronic interaction models. Therefore it is very well
described by all the models up to the LHC, where data
exist [52]. As shown on Fig. 4, thanks to the measurements
at the LHC, even the extrapolations up to the highest
energy are now very similar. In all the figures EPOS LHC
is represented by a full (blue) line, QGSJETII-04 by a
dashed (red) line and Sibyll 2.3 by a dashed-dotted (green)
line.

However, using these models to predict proton-air
and pion-air inelastic cross-sections as shown on Fig. 5,
one can notice that significant differences appear which
will have direct consequences on air shower development.
Not only do the evolutions diverge at high energy, but for
Sibyll 2.3 the relative behavior of the proton and pion-
air cross-section is different from the other models (faster
increase of the pion-air cross-section).

3.2. Multiplicity

According to [50], the multiplicity plays a similar kind of
role as the cross section, but with a weaker dependence

(log). On the other hand the predictions from the models
have larger differences for the multiplicity compared to
the cross section. As shown in Fig. 6 (left-hand side) and
in a more general way in [59], the average multiplicity
is well reproduced by all the models up to 1 TeV and
even up to 13 TeV for EPOS LHC and QGSJETII-04
[60] and a difference appears between these two models
only at the highest energy (beyond 100 TeV). However,
in the case of a nuclear target the slope of the rise of
the multiplicity as function of the energy is different for
all three models leading to a difference of about 20–30%
at the highest energies in p or π -air interactions (Fig. 6
right-hand side). This effect is small compared to the pre-
LHC era [51] but can change the elongation rate of the air
shower maximum development. Here again Sibyll 2.3 has
a different behavior than the other models with a smaller
slope and the same multiplicity for p or π -air interactions
while other models have about 10% difference.

On Fig. 7 left-hand side it can be seen on the
pseudorapidity distribution of charged particles at 7 TeV
that even if the central density of particles is well
reproduced by all models, the width of the distribution
is too narrow in the case of Sibyll 2.3 which leads to a
reduced total multiplicity as seen on Fig. 6. Furthermore
on the right-hand side of Fig. 7, we can observe that
the fluctuations are very similar for QGSJETII-04 and
EPOS LHC but again Sibyll 2.3 seems to have problems
to reproduce the shape of the distribution. This can be
important for the fluctuations of the air shower maximum.

Finally by comparing the multiplicity of p-air, helium-
air and iron-air interactions we can check that the
difference between models increases due to nuclear effects.
On Fig. 8 it is clear that from a maximum difference of
about 30% for p-air interactions, one can reach more than a
factor of 3 in the case of Fe-air. This is of course important
for the simulation of air showers with a primary mass
heavier than protons.

So, for both cross section and multiplicity, when the
models are constrained by LHC data up to 7 TeV, the
extrapolation to the highest energy in p-p are very similar
but differences remain in nuclear and pion interactions
because of the lack of data at high energy and with light
ions (only heavy ion data available from RHIC and LHC
at high energy).

3.3. Diffraction and elasticity

Another important observable determining air shower
development is the elasticity [50] defined as the largest
energy fraction carried by a secondary particle (the leading
particle). The model predictions are shown on Fig. 9
for p-p, π -air and p-air (as inelasticity=1-elasticity) as a
function of center of mass energy. Sibyll 2.3 has the largest
elasticity and it is probably related to the fact that the
multiplicity is lower (less energy taken from the leading
particle). In the cases of EPOS LHC and QGSJETII-04
the difference is smaller for an air target compared to p-
p interactions. This opposite behavior compared to the
other observables can be explained by the fact that this
quantity is very difficult to measure in collider experiments
since the latter cannot cover 100% of the phase space. As
a consequence there are only indirect constraints on the
different contributions to the elasticity leading to a larger
uncertainty in the models.
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One contribution is the diffractive dissociation. Indeed
diffractive events are producing the largest elasticities and
are important for air shower development, not only for
the position of the shower maximum but also for the
muon production [63]. At the LHC various measurements
related to diffraction are now available [55,64– 68]. Due

to the difficulties of measuring very forward particles,
the compatibility between the results is not as good as
it is for the mid-rapidity measurements. This leads to
some uncertainties in air shower simulations at a level
of 10 g/cm2 [69]. Nevertheless the difference between
models seems to be even larger as illustrated on Fig. 10.
The rapidity gap (range in pseudorapidity without particle
detection in triggered events) cross-section measurement
is poorly described by the model while it is directly related
to the elasticity in general and diffraction in particular (the
large rapidity gaps come from single diffractive events).
For instance, the large probability for Sibyll 2.3 to produce
rapidity gap around 2 to 4 is a direct consequence of the
too narrow pseudorapidity distribution and implies a large
elasticity.

It is interesting to notice that hadronic interaction
models used for air shower simulations underestimate the
diffraction dissociation as observed at LHC (as on Fig. 10
for large rapidity gaps). In fact in EPOS LHC this was
improved, leading to a contradiction with air shower data
as shown in Sect. 4.3.

3.4. Baryon and resonance production

Another important observable for EAS is the number of
muons reaching the ground. It has been shown in [70]
that the production of particles which are not π0 (for
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One contribution is the diffractive dissociation. Indeed
diffractive events are producing the largest elasticities and
are important for air shower development, not only for
the position of the shower maximum but also for the
muon production [63]. At the LHC various measurements
related to diffraction are now available [55,64– 68]. Due

to the difficulties of measuring very forward particles,
the compatibility between the results is not as good as
it is for the mid-rapidity measurements. This leads to
some uncertainties in air shower simulations at a level
of 10 g/cm2 [69]. Nevertheless the difference between
models seems to be even larger as illustrated on Fig. 10.
The rapidity gap (range in pseudorapidity without particle
detection in triggered events) cross-section measurement
is poorly described by the model while it is directly related
to the elasticity in general and diffraction in particular (the
large rapidity gaps come from single diffractive events).
For instance, the large probability for Sibyll 2.3 to produce
rapidity gap around 2 to 4 is a direct consequence of the
too narrow pseudorapidity distribution and implies a large
elasticity.

It is interesting to notice that hadronic interaction
models used for air shower simulations underestimate the
diffraction dissociation as observed at LHC (as on Fig. 10
for large rapidity gaps). In fact in EPOS LHC this was
improved, leading to a contradiction with air shower data
as shown in Sect. 4.3.

3.4. Baryon and resonance production

Another important observable for EAS is the number of
muons reaching the ground. It has been shown in [70]
that the production of particles which are not π0 (for
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The	shower	components
• EM:	very	well	understood.	 Xmax has	reduced	model	uncertainty.

• Xmax is	used	for	mass	inference

Universality of	lateral	distribution,	energy	distribution,	angular	distribution,	and	arrival	time.

Probing High-Energy Hadronic Interaction with EAS (DRAFT) Lorenzo Cazon

158 GeV/c and 350 GeV/c show that (anti)baryon production in EPOS-LHC is overestimated, and
therefore does not seem to be the dominant effect for the deficit of muons in simulations. On the
other hand, the small excess of r0 with relation to the predictions from simulations can be relevant
to explain the muon deficit in simulations [59].

2.1 Electromagnetic and hadronic Shower

Beyond the so called pure muon component (directly emerging from the hadronic cascade),
and the pure EM component, (from high energy p0 decays), one can distinguish other contributions
[12] [11]: EM from muon decay or muon halo which stems from the decay of muons, and therefore
scales with the hadronic component of the shower; EM from low energy p0 decay which is a small
contribution to the EM cascade but nevertheless is coupled with the hadronic cascade; and muon
from photo-production, which stems from the pion production after photon-air interactions, and is
therefore coupled to the EM cascade.

Photon and electron initiated showers are well studied in literature. The longitudinal develop-
ment of the number of electrons is described by a Greisen profile. For a hadron induced shower,
each p0 decay initiates its own contribution to the electromagnetic component, resulting into a
Gaisser-Hillas profile in the longitudinal component. In [51, 52, 53, 54] an analytical description
for the electron energy spectra, the lateral distributions, and the angular distribution were shown
to be universal if properly expressed in terms of shower age and Moliere radius.The idea of uni-
versality of showers is crucial from an experimental point of view, as it allows one to fit universal
templates to observed particle distributions to reconstruct the fundamental degrees of freedom of
the shower.

In [38] it was shown that the muon component can be fully described by the function

d3N
dX dEi dcpt

= Nµ f (X �X
µ

max,Ei,cpt) (2.2)

where Nµ is the total number of muons produced in the shower, X is the slant depth, X
µ

max is the
depth where the rate of muon production reaches a maximum, Ei is the energy of the muons at
production and cpt is the transverse momentum with respect to the shower axis. In [38] it was
demonstrated that this distribution can be used to propagate muons to obtain any distribution at
ground: lateral distribution function, apparent Muon Production Depth (MPD) distribution and its
maximum X µ

max, arrival time distribution, energy spectrum, et cetera. The 3-dimensional distribu-
tion of Eq. 2.2 is directly inherited from the hadronic cascade. The cpt-distribution and to a lesser
extent the total/true MPD distribution are universal across primaries and models when referred to
the maximum X 0 ⌘ X �X

µ
max, whereas the Ei-distribution shows sizeable differences across models

and primaries [38, 39]. Fig. 4 shows 3 of these distributions for the post-LHC hadronic models.
Muons exit the shower axis with an angle g determined by the energy and transverse momen-

tum of the parent pion production (sing = cpt
Ei

). Pions decay after travelling ct = Ei/(mpc2)ct0. The
perpendicular distance to the shower axis before pion decay is rp = ct sing = cptct0/(mpc2). The
pt-distribution of muons (and the decaying pions) can be described by dN/d pt = pt/Q2 exp(�pt/Q),
with cQ ⇠ 0.2 GeV. It follows that 60% of muons are produced within rp < 22 m, much smaller
than the typical lateral distances of observation in experiments, and therefore it can be approxi-
mated that muons are produced in the shower axis.

5

S.	Lafebre et	al. .	,Astropart.	Phys. 31	(2009)	243-254
A.	Smialkowski and M.	Giller,	Astrophys.	J.	854	(2018)	no.1,	48	
M.	Giller et	al.	,Astropart.	Phys.	60	(2015)	92	

F.	Nerling et	al.	Astropart.	Phys.	24	(2006)	421	
M.	Giller et	al.	J.	Phys.	G 30	(2004)	97.	

• Muon:	Nµ	,	Xµ
max have large	model	uncertainties.

Universal	distribution at	production:	

L.	Cazon	et	al.	Astropart.	Phys.	36	(2012)	211
M	Ave	et	al.	Astropart.	Phys.	88	(2017)	46
M	Ave	et	al.	Astropart.	Phys.	87	(2017)	23



EM	average	profile

(E/eV)
10

log
18 18.5 19 19.5

R

0.2

0.25

0.3

0.35 data
EPOS-LHC
QGSJet-II04
Sibyll 2.3c

proton
iron

Probing High-Energy Hadronic Interaction with EAS (DRAFT) Lorenzo Cazon

700 750 800 850
]2 > [g/cmmax< X

450

500

550

600

]2
 >

 [g
/c

m
m

ax
µ

 <
 X

 eV19.455-65 deg, E=10
Auger PRD14
QGSJetII-04
EPOS-LHC

Fe

p

(E/eV)
10

log
18 18.5 19 19.5

R

0.2

0.25

0.3

0.35 data
EPOS-LHC
QGSJet-II04
Sibyll 2.3c

proton
iron

Figure 10: Measurement of hX µ
maxi and hXmaxi for 1019.4 eV, with systematics uncertainties, as well as the

phase-space (lines) occupied by EPOS-LHC and QGSJETII.04 models, extracted from [42]. Parameter R
of the average electromagnetic profile as a function of the EAS energy as measured by Auger, as well as
predictions for different hadronic models.

the treatment of pion-air interactions at very high energies and to reduce the uncertainties in Xmax

stemming from models.

3.3 Electromagnetic Component

The traditional Gaisser-Hillas can be rewritten as

dE
dX

=

✓
1+R

X 0

L

◆R�2

exp
✓

� X 0

RL

◆
, (3.1)

where R =
p

l/|X 0
0|, L =

p
|X 0

0|l and X 0
0 ⌘ X0 �Xmax. In this notation, Equation 3.1 is a Gaussian

with standard deviation L, multiplied by a term that introduces an asymmetry governed by R. The
parameter R is sensitive to the start-up of the EM shower and is expected to be sensitive to the rate
of p0 production, whose decay goes into the EM shower. Figure 10 (right) shows the measure-
ments of R together with model predictions [19]. Due to the large systematics uncertainties in this
measurement, nothing else can be said other than results are fully compatible with expectations
from models.

4. Discussion

There have been some attempts to explain the muon problem by increasing the hadronic energy
fraction of interactions f , like the formation of a Strange Fireball [48], String Percolation [1], Chiral
Symmetry Restoration [65], by increasing the inelastic cross section [64], or for instance resorting
to Lorentz Invariance Violation [49] by effectively enlarging the lifetime of p0 and keeping them
contributing to the hadronic cascade.

The deficit of Nµ with respect to expectations could be produced by small deviations d f ac-
cumulated along a number n of generations as Nµ µ ( f + d f )n which converts for instance a 5%
deviation per generation into ⇠ 30% deviation after 6 generations.
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with standard deviation L, multiplied by a term that introduces an asymmetry governed by R. The
parameter R is sensitive to the start-up of the EM shower and is expected to be sensitive to the rate
of p0 production, whose decay goes into the EM shower. Figure 10 (right) shows the measure-
ments of R together with model predictions [19]. Due to the large systematics uncertainties in this
measurement, nothing else can be said other than results are fully compatible with expectations
from models.

4. Discussion

There have been some attempts to explain the muon problem by increasing the hadronic energy
fraction of interactions f , like the formation of a Strange Fireball [48], String Percolation [1], Chiral
Symmetry Restoration [65], by increasing the inelastic cross section [64], or for instance resorting
to Lorentz Invariance Violation [49] by effectively enlarging the lifetime of p0 and keeping them
contributing to the hadronic cascade.

The deficit of Nµ with respect to expectations could be produced by small deviations d f ac-
cumulated along a number n of generations as Nµ µ ( f + d f )n which converts for instance a 5%
deviation per generation into ⇠ 30% deviation after 6 generations.

11

Probing High-Energy Hadronic Interaction with EAS (DRAFT) Lorenzo Cazon

700 750 800 850
]2 > [g/cmmax< X

450

500

550

600

]2
 >

 [g
/c

m
m

ax
µ

 <
 X

 eV19.455-65 deg, E=10
Auger PRD14
QGSJetII-04
EPOS-LHC

Fe

p

(E/eV)
10

log
18 18.5 19 19.5

R

0.2

0.25

0.3

0.35 data
EPOS-LHC
QGSJet-II04
Sibyll 2.3c

proton
iron

Figure 10: Measurement of hX µ
maxi and hXmaxi for 1019.4 eV, with systematics uncertainties, as well as the

phase-space (lines) occupied by EPOS-LHC and QGSJETII.04 models, extracted from [42]. Parameter R
of the average electromagnetic profile as a function of the EAS energy as measured by Auger, as well as
predictions for different hadronic models.

the treatment of pion-air interactions at very high energies and to reduce the uncertainties in Xmax

stemming from models.

3.3 Electromagnetic Component

The traditional Gaisser-Hillas can be rewritten as

dE
dX

=

✓
1+R

X 0

L

◆R�2

exp
✓

� X 0

RL

◆
, (3.1)

where R =
p

l/|X 0
0|, L =

p
|X 0

0|l and X 0
0 = X0 �Xmax. In this notation, Equation 3.1 is a Gaussian

with standard deviation L, multiplied by a term that introduces an asymmetry governed by R. The
parameter R is sensitive to the start-up of the EM shower and is expected to be sensitive to the rate
of p0 production, whose decay goes into the EM shower. Figure 10 (right) shows the measure-
ments of R together with model predictions [19]. Due to the large systematics uncertainties in this
measurement, nothing else can be said other than results are fully compatible with expectations
from models.

4. Discussion

There have been some attempts to explain the muon problem by increasing the hadronic energy
fraction of interactions f , like the formation of a Strange Fireball [48], String Percolation [1], Chiral
Symmetry Restoration [65], by increasing the inelastic cross section [64], or for instance resorting
to Lorentz Invariance Violation [49] by effectively enlarging the lifetime of p0 and keeping them
contributing to the hadronic cascade.

The deficit of Nµ with respect to expectations could be produced by small deviations d f ac-
cumulated along a number n of generations as Nµ µ ( f + d f )n which converts for instance a 5%
deviation per generation into ⇠ 30% deviation after 6 generations.

11

where two extra parameters appear: k identified with an effective
interaction length and X00 ¼ X0 " Xmax being X0 related with the
point of first interaction. However, not only the physical meaning
of the parameters is not exact but they are also difficult to relate
to the ‘‘universality” features seen in Fig. 1. We investigate the rela-
tion between parameters that separate the more universal features
from the details of each shower.

The Gaisser–Hillas profile (Eq. (1)) can be written as:

N0 ¼ exp "X 00
k

log 1" X 0

X00

! "
" X0

k

! "

¼ exp " X02

2 X 00k
## ##

 !
Y1

n¼3

exp
1
n

X 00
k

X 0

X00

! "n
 !

; ð2Þ

N0 ¼ exp "1
2

X 0

L

! "2
 !

Y1

n¼3

exp "Rn"2

n
"X 0

L

! "n
 !

; ð3Þ

where, from a Taylor expansion of the logarithm around the maxi-
mum (X0 = 0), the profile shape becomes more evident. The first
term in X0 cancels, leaving a gaussian with a characteristic width

L ¼
ffiffiffiffiffiffiffiffiffiffiffi
X00k
## ##

q
, and distortions governed by a shape parameter

R ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k= X00
## ##

q
. While for positive X0, the even and odd terms in R have

partial cancellation, all terms contribute to the distortion in the re-

gion of negative X0. Fig. 2 shows how the shape changes for different
values of both parameters.

To compare the new parameters L and R with the old k and X 00,
we fit different realizations of an ideal profile assuming statistical
deviations for an observation of 200 photons at maximum and X
bins of 30 g cm"2. The result in Fig. 3 shows that both k and X00
can be (mis) reconstructed with up to 100% variations, and are
strongly correlated, while L and R are more independent and stable
variables, as expected. In particular L varies only by less than 10%.

We thus prefer to Eq. (1) in terms of L and R (noticing X 00 is al-
ways negative) as:

N0 ¼ 1 þ RX0

L

! "R"2

exp " X 0

LR

! "
: ð4 Þ

The shower visible energy (Eem), mainly deposited by the low
energy electrons, is proportional to the total number of particles
and thus to the profile integral. Corrections due to the invisible en-
ergy carried away by muons and neutrinos vary according to the
primary particle type, energy, and hadronic model considered,
but are expected to be around 5–10%, and to decrease as energy in-
creases [9]. The fraction of energy deposited at shower maximum,
dE
dX

##
max proportional to Nmax, has event-by-event variations of the

same size, which are naturally reflected in fluctuations of the
new parameters. The full integral of the profile, can be written in
terms of the usual Gamma function, as:
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R	is	sensitive	to	the	injection	of	high	energy	π0

in	the	start	up	of	the	shower.

varying	L
varying	R

Good	agreement	with	models.
Too	large	systematics	for	hadronic	
physics,	for	the	moment.
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<latexit sha1_base64="8iVDoAKsbPlcubAdkddxxIYPy2s=">AAACFnicbVC7TsMwFL3hWcqrwMhiUSGxtEpYYKOChQm1En1Ibakcx2mtOollO0hVFIl/YOFXWBhAiBXYmPgVnLYDtBzJ0vE598o+xxWcKW3bX9bC4tLyympuLb++sbm1XdjZbagoloTWScQj2XKxopyFtK6Z5rQlJMWBy2nTHV5kfvOWSsWi8FqPBO0GuB8ynxGsjdQrlDq+xCTxrtLEQ6KnU9QRMhI6yi6I3kzsUuYktbRXKNpleww0T5wpKVbOvj/uAKDaK3x2vIjEAQ014ViptmML3U2w1IxwmuY7saICkyHu07ahIQ6o6ibjWCk6NIqH/EiaE2o0Vn9vJDhQahS4ZjLAeqBmvUz8z2vH2j/tJiwUsaYhmTzkxxyZ1FlHyGOSEs1HhmAimfkrIgNsitCmybwpwZmNPE8ax2XHLjs108Y5TJCDfTiAI3DgBCpwCVWoA4F7eIRneLEerCfr1XqbjC5Y0509+APr/QeWQKKI</latexit><latexit sha1_base64="kiSi3zvfWYpcvRVQlk/XjTxuMDo=">AAACFnicbVA7T8MwGHR4lvIKMLJYVEgsrRIWulHBABNqJfqQmhI5jtNadRLLdhBVlF/Bwl9hYQAhVmBj4q/gtB2g5SRL57vvk33ncUalsqwvY2FxaXlltbBWXN/Y3No2d3ZbMk4EJk0cs1h0PCQJoxFpKqoY6XBBUOgx0vaG57nfviVC0ji6ViNOeiHqRzSgGCktuWbZCQTCqX+VpT7krsqgw0XMVZxfILmZ2OXcSRuZa5asijUGnCf2lJRqp98fd+XqRd01Px0/xklIIoUZkrJrW1z1UiQUxYxkRSeRhCM8RH3S1TRCIZG9dBwrg4da8WEQC30iBcfq740UhVKOQk9PhkgN5KyXi/953UQF1V5KI54oEuHJQ0HCoE6ddwR9KghWbKQJwoLqv0I8QLoIpZss6hLs2cjzpHVcsa2K3dBtnIEJCmAfHIAjYIMTUAOXoA6aAIN78AiewYvxYDwZr8bbZHTBmO7sgT8w3n8AcT2jLA==</latexit><latexit sha1_base64="kiSi3zvfWYpcvRVQlk/XjTxuMDo=">AAACFnicbVA7T8MwGHR4lvIKMLJYVEgsrRIWulHBABNqJfqQmhI5jtNadRLLdhBVlF/Bwl9hYQAhVmBj4q/gtB2g5SRL57vvk33ncUalsqwvY2FxaXlltbBWXN/Y3No2d3ZbMk4EJk0cs1h0PCQJoxFpKqoY6XBBUOgx0vaG57nfviVC0ji6ViNOeiHqRzSgGCktuWbZCQTCqX+VpT7krsqgw0XMVZxfILmZ2OXcSRuZa5asijUGnCf2lJRqp98fd+XqRd01Px0/xklIIoUZkrJrW1z1UiQUxYxkRSeRhCM8RH3S1TRCIZG9dBwrg4da8WEQC30iBcfq740UhVKOQk9PhkgN5KyXi/953UQF1V5KI54oEuHJQ0HCoE6ddwR9KghWbKQJwoLqv0I8QLoIpZss6hLs2cjzpHVcsa2K3dBtnIEJCmAfHIAjYIMTUAOXoA6aAIN78AiewYvxYDwZr8bbZHTBmO7sgT8w3n8AcT2jLA==</latexit><latexit sha1_base64="IfDeecFmw0xHvpF2NAXdKWX5YGs=">AAACFnicbVA7T8MwGHR4lvIKMLJYVEgsrRIWGCtYmFAr0YfUhshxnNaqE1u2g1RF+RUs/BUWBhBiRWz8G5w2A7ScZOl8932y7wLBqNKO822trK6tb2xWtqrbO7t7+/bBYVfxVGLSwZxx2Q+QIowmpKOpZqQvJEFxwEgvmFwXfu+BSEV5cqengngxGiU0ohhpI/l2fRhJhLPwNs9CKHydw6GQXGheXCC5n9v1wsnauW/XnIYzA1wmbklqoETLt7+GIcdpTBKNGVJq4DpCexmSmmJG8uowVUQgPEEjMjA0QTFRXjaLlcNTo4Qw4tKcRMOZ+nsjQ7FS0zgwkzHSY7XoFeJ/3iDV0aWX0USkmiR4/lCUMmhSFx3BkEqCNZsagrCk5q8Qj5EpQpsmq6YEdzHyMumeN1yn4badWvOqrKMCjsEJOAMuuABNcANaoAMweATP4BW8WU/Wi/VufcxHV6xy5wj8gfX5A/aQn9k=</latexit>

cQ ' 0.2GeV
<latexit sha1_base64="NxL5jDmFPHVCvSfPGphxGS3xhl0=">AAACAnicbVBNS8NAEN34WetX1JN4WSyCBwlJEfRY9KDHFuwHNKFstpN26W4SdzdCKcWLf8WLB0W8+iu8+W/ctjlo64OBx3szzMwLU86Udt1va2l5ZXVtvbBR3Nza3tm19/YbKskkhTpNeCJbIVHAWQx1zTSHViqBiJBDMxxcT/zmA0jFkvhOD1MIBOnFLGKUaCN17ENaw75iAu6x65Qx9s+wLwW+gUbHLrmOOwVeJF5OSihHtWN/+d2EZgJiTTlRqu25qQ5GRGpGOYyLfqYgJXRAetA2NCYCVDCavjDGJ0bp4iiRpmKNp+rviRERSg1FaDoF0X01703E/7x2pqPLYMTiNNMQ09miKONYJ3iSB+4yCVTzoSGESmZuxbRPJKHapFY0IXjzLy+SRtnxXMernZcqV3kcBXSEjtEp8tAFqqBbVEV1RNEjekav6M16sl6sd+tj1rpk5TMH6A+szx9+gZTp</latexit><latexit sha1_base64="NxL5jDmFPHVCvSfPGphxGS3xhl0=">AAACAnicbVBNS8NAEN34WetX1JN4WSyCBwlJEfRY9KDHFuwHNKFstpN26W4SdzdCKcWLf8WLB0W8+iu8+W/ctjlo64OBx3szzMwLU86Udt1va2l5ZXVtvbBR3Nza3tm19/YbKskkhTpNeCJbIVHAWQx1zTSHViqBiJBDMxxcT/zmA0jFkvhOD1MIBOnFLGKUaCN17ENaw75iAu6x65Qx9s+wLwW+gUbHLrmOOwVeJF5OSihHtWN/+d2EZgJiTTlRqu25qQ5GRGpGOYyLfqYgJXRAetA2NCYCVDCavjDGJ0bp4iiRpmKNp+rviRERSg1FaDoF0X01703E/7x2pqPLYMTiNNMQ09miKONYJ3iSB+4yCVTzoSGESmZuxbRPJKHapFY0IXjzLy+SRtnxXMernZcqV3kcBXSEjtEp8tAFqqBbVEV1RNEjekav6M16sl6sd+tj1rpk5TMH6A+szx9+gZTp</latexit><latexit sha1_base64="NxL5jDmFPHVCvSfPGphxGS3xhl0=">AAACAnicbVBNS8NAEN34WetX1JN4WSyCBwlJEfRY9KDHFuwHNKFstpN26W4SdzdCKcWLf8WLB0W8+iu8+W/ctjlo64OBx3szzMwLU86Udt1va2l5ZXVtvbBR3Nza3tm19/YbKskkhTpNeCJbIVHAWQx1zTSHViqBiJBDMxxcT/zmA0jFkvhOD1MIBOnFLGKUaCN17ENaw75iAu6x65Qx9s+wLwW+gUbHLrmOOwVeJF5OSihHtWN/+d2EZgJiTTlRqu25qQ5GRGpGOYyLfqYgJXRAetA2NCYCVDCavjDGJ0bp4iiRpmKNp+rviRERSg1FaDoF0X01703E/7x2pqPLYMTiNNMQ09miKONYJ3iSB+4yCVTzoSGESmZuxbRPJKHapFY0IXjzLy+SRtnxXMernZcqV3kcBXSEjtEp8tAFqqBbVEV1RNEjekav6M16sl6sd+tj1rpk5TMH6A+szx9+gZTp</latexit><latexit sha1_base64="NxL5jDmFPHVCvSfPGphxGS3xhl0=">AAACAnicbVBNS8NAEN34WetX1JN4WSyCBwlJEfRY9KDHFuwHNKFstpN26W4SdzdCKcWLf8WLB0W8+iu8+W/ctjlo64OBx3szzMwLU86Udt1va2l5ZXVtvbBR3Nza3tm19/YbKskkhTpNeCJbIVHAWQx1zTSHViqBiJBDMxxcT/zmA0jFkvhOD1MIBOnFLGKUaCN17ENaw75iAu6x65Qx9s+wLwW+gUbHLrmOOwVeJF5OSihHtWN/+d2EZgJiTTlRqu25qQ5GRGpGOYyLfqYgJXRAetA2NCYCVDCavjDGJ0bp4iiRpmKNp+rviRERSg1FaDoF0X01703E/7x2pqPLYMTiNNMQ09miKONYJ3iSB+4yCVTzoSGESmZuxbRPJKHapFY0IXjzLy+SRtnxXMernZcqV3kcBXSEjtEp8tAFqqBbVEV1RNEjekav6M16sl6sd+tj1rpk5TMH6A+szx9+gZTp</latexit>
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<latexit sha1_base64="C02kyOuzIWyUw6FKEm/vAw2IwAY=">AAACCHicbVDLSgMxFM3UV62vUZcuDBbBVZkpgm6EogguK9gHdMaSSTNtaJIZkoxQhlm68VfcuFDErZ/gzr8x085CWw9cODnnXnLvCWJGlXacb6u0tLyyulZer2xsbm3v2Lt7bRUlEpMWjlgkuwFShFFBWppqRrqxJIgHjHSC8VXudx6IVDQSd3oSE5+joaAhxUgbqW8fsgvohRLh9DpLed+LKcT39Qx7GiX5q29XnZozBVwkbkGqoECzb395gwgnnAiNGVKq5zqx9lMkNcWMZBUvUSRGeIyGpGeoQJwoP50eksFjowxgGElTQsOp+nsiRVypCQ9MJ0d6pOa9XPzP6yU6PPdTKuJEE4FnH4UJgzqCeSpwQCXBmk0MQVhSsyvEI2Ri0Sa7ignBnT95kbTrNdepuben1cZlEUcZHIAjcAJccAYa4AY0QQtg8AiewSt4s56sF+vd+pi1lqxiZh/8gfX5A1TxmYg=</latexit><latexit sha1_base64="C02kyOuzIWyUw6FKEm/vAw2IwAY=">AAACCHicbVDLSgMxFM3UV62vUZcuDBbBVZkpgm6EogguK9gHdMaSSTNtaJIZkoxQhlm68VfcuFDErZ/gzr8x085CWw9cODnnXnLvCWJGlXacb6u0tLyyulZer2xsbm3v2Lt7bRUlEpMWjlgkuwFShFFBWppqRrqxJIgHjHSC8VXudx6IVDQSd3oSE5+joaAhxUgbqW8fsgvohRLh9DpLed+LKcT39Qx7GiX5q29XnZozBVwkbkGqoECzb395gwgnnAiNGVKq5zqx9lMkNcWMZBUvUSRGeIyGpGeoQJwoP50eksFjowxgGElTQsOp+nsiRVypCQ9MJ0d6pOa9XPzP6yU6PPdTKuJEE4FnH4UJgzqCeSpwQCXBmk0MQVhSsyvEI2Ri0Sa7ignBnT95kbTrNdepuben1cZlEUcZHIAjcAJccAYa4AY0QQtg8AiewSt4s56sF+vd+pi1lqxiZh/8gfX5A1TxmYg=</latexit><latexit sha1_base64="C02kyOuzIWyUw6FKEm/vAw2IwAY=">AAACCHicbVDLSgMxFM3UV62vUZcuDBbBVZkpgm6EogguK9gHdMaSSTNtaJIZkoxQhlm68VfcuFDErZ/gzr8x085CWw9cODnnXnLvCWJGlXacb6u0tLyyulZer2xsbm3v2Lt7bRUlEpMWjlgkuwFShFFBWppqRrqxJIgHjHSC8VXudx6IVDQSd3oSE5+joaAhxUgbqW8fsgvohRLh9DpLed+LKcT39Qx7GiX5q29XnZozBVwkbkGqoECzb395gwgnnAiNGVKq5zqx9lMkNcWMZBUvUSRGeIyGpGeoQJwoP50eksFjowxgGElTQsOp+nsiRVypCQ9MJ0d6pOa9XPzP6yU6PPdTKuJEE4FnH4UJgzqCeSpwQCXBmk0MQVhSsyvEI2Ri0Sa7ignBnT95kbTrNdepuben1cZlEUcZHIAjcAJccAYa4AY0QQtg8AiewSt4s56sF+vd+pi1lqxiZh/8gfX5A1TxmYg=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="X5CGaW1i47rycrDlpLS3Jn07qeY=">AAAB/XicbZBNS8MwHMb/nW9zTq1ePRgcgqfR7qIXQRDB4wT3AmstaZZuYWlaklQYpUcvfhUvHhTxa3jz25huO+jmA4Enz5OQ/H9hypnSjvNtVdbWNza3qtu1nfru3r59UO+qJJOEdkjCE9kPsaKcCdrRTHPaTyXFcchpL5xcl33vkUrFEnGvpyn1YzwSLGIEaxMF9jG/RF4kMclvijwOvJQh8tAqiKdxVu4Cu+E0nZnQqnEXpgELtQP7yxsmJIup0IRjpQauk2o/x1IzwmlR8zJFU0wmeEQHxgocU+Xns0EKdGqSIYoSaZbQaJb+vpHjWKlpHJqTMdZjtdyV4X/dINPRhZ8zkWaaCjJ/KMo40gkqqaAhk5RoPjUGE8nMXxEZY4NFG3Y1A8FdHnnVdFtN12m6dw5U4QhO4AxcOIcruIU2dIDAE7zAG7xbz9ar9THHVbEW3A7hj6zPH7v4mBU=</latexit><latexit sha1_base64="X5CGaW1i47rycrDlpLS3Jn07qeY=">AAAB/XicbZBNS8MwHMb/nW9zTq1ePRgcgqfR7qIXQRDB4wT3AmstaZZuYWlaklQYpUcvfhUvHhTxa3jz25huO+jmA4Enz5OQ/H9hypnSjvNtVdbWNza3qtu1nfru3r59UO+qJJOEdkjCE9kPsaKcCdrRTHPaTyXFcchpL5xcl33vkUrFEnGvpyn1YzwSLGIEaxMF9jG/RF4kMclvijwOvJQh8tAqiKdxVu4Cu+E0nZnQqnEXpgELtQP7yxsmJIup0IRjpQauk2o/x1IzwmlR8zJFU0wmeEQHxgocU+Xns0EKdGqSIYoSaZbQaJb+vpHjWKlpHJqTMdZjtdyV4X/dINPRhZ8zkWaaCjJ/KMo40gkqqaAhk5RoPjUGE8nMXxEZY4NFG3Y1A8FdHnnVdFtN12m6dw5U4QhO4AxcOIcruIU2dIDAE7zAG7xbz9ar9THHVbEW3A7hj6zPH7v4mBU=</latexit><latexit sha1_base64="AQCYsGbF9RCv7+vGuGMwy0MXqd4=">AAACCHicbVDLSsNAFJ34rPUVdenCwSK4Kkk3uhGKIrisYB/QxDCZTtqhM5MwMxFKyNKNv+LGhSJu/QR3/o2TNgttPXDhzDn3MveeMGFUacf5tpaWV1bX1isb1c2t7Z1de2+/o+JUYtLGMYtlL0SKMCpIW1PNSC+RBPGQkW44vir87gORisbiTk8S4nM0FDSiGGkjBfYRu4BeJBHOrvOMB15CIb5v5NjTKC1egV1z6s4UcJG4JamBEq3A/vIGMU45ERozpFTfdRLtZ0hqihnJq16qSILwGA1J31CBOFF+Nj0khydGGcAolqaEhlP190SGuFITHppOjvRIzXuF+J/XT3V07mdUJKkmAs8+ilIGdQyLVOCASoI1mxiCsKRmV4hHyMSiTXZVE4I7f/Ii6TTqrlN3b51a87KMowIOwTE4BS44A01wA1qgDTB4BM/gFbxZT9aL9W59zFqXrHLmAPyB9fkDU7GZhA==</latexit><latexit sha1_base64="C02kyOuzIWyUw6FKEm/vAw2IwAY=">AAACCHicbVDLSgMxFM3UV62vUZcuDBbBVZkpgm6EogguK9gHdMaSSTNtaJIZkoxQhlm68VfcuFDErZ/gzr8x085CWw9cODnnXnLvCWJGlXacb6u0tLyyulZer2xsbm3v2Lt7bRUlEpMWjlgkuwFShFFBWppqRrqxJIgHjHSC8VXudx6IVDQSd3oSE5+joaAhxUgbqW8fsgvohRLh9DpLed+LKcT39Qx7GiX5q29XnZozBVwkbkGqoECzb395gwgnnAiNGVKq5zqx9lMkNcWMZBUvUSRGeIyGpGeoQJwoP50eksFjowxgGElTQsOp+nsiRVypCQ9MJ0d6pOa9XPzP6yU6PPdTKuJEE4FnH4UJgzqCeSpwQCXBmk0MQVhSsyvEI2Ri0Sa7ignBnT95kbTrNdepuben1cZlEUcZHIAjcAJccAYa4AY0QQtg8AiewSt4s56sF+vd+pi1lqxiZh/8gfX5A1TxmYg=</latexit><latexit sha1_base64="C02kyOuzIWyUw6FKEm/vAw2IwAY=">AAACCHicbVDLSgMxFM3UV62vUZcuDBbBVZkpgm6EogguK9gHdMaSSTNtaJIZkoxQhlm68VfcuFDErZ/gzr8x085CWw9cODnnXnLvCWJGlXacb6u0tLyyulZer2xsbm3v2Lt7bRUlEpMWjlgkuwFShFFBWppqRrqxJIgHjHSC8VXudx6IVDQSd3oSE5+joaAhxUgbqW8fsgvohRLh9DpLed+LKcT39Qx7GiX5q29XnZozBVwkbkGqoECzb395gwgnnAiNGVKq5zqx9lMkNcWMZBUvUSRGeIyGpGeoQJwoP50eksFjowxgGElTQsOp+nsiRVypCQ9MJ0d6pOa9XPzP6yU6PPdTKuJEE4FnH4UJgzqCeSpwQCXBmk0MQVhSsyvEI2Ri0Sa7ignBnT95kbTrNdepuben1cZlEUcZHIAjcAJccAYa4AY0QQtg8AiewSt4s56sF+vd+pi1lqxiZh/8gfX5A1TxmYg=</latexit><latexit sha1_base64="C02kyOuzIWyUw6FKEm/vAw2IwAY=">AAACCHicbVDLSgMxFM3UV62vUZcuDBbBVZkpgm6EogguK9gHdMaSSTNtaJIZkoxQhlm68VfcuFDErZ/gzr8x085CWw9cODnnXnLvCWJGlXacb6u0tLyyulZer2xsbm3v2Lt7bRUlEpMWjlgkuwFShFFBWppqRrqxJIgHjHSC8VXudx6IVDQSd3oSE5+joaAhxUgbqW8fsgvohRLh9DpLed+LKcT39Qx7GiX5q29XnZozBVwkbkGqoECzb395gwgnnAiNGVKq5zqx9lMkNcWMZBUvUSRGeIyGpGeoQJwoP50eksFjowxgGElTQsOp+nsiRVypCQ9MJ0d6pOa9XPzP6yU6PPdTKuJEE4FnH4UJgzqCeSpwQCXBmk0MQVhSsyvEI2Ri0Sa7ignBnT95kbTrNdepuben1cZlEUcZHIAjcAJccAYa4AY0QQtg8AiewSt4s56sF+vd+pi1lqxiZh/8gfX5A1TxmYg=</latexit><latexit sha1_base64="C02kyOuzIWyUw6FKEm/vAw2IwAY=">AAACCHicbVDLSgMxFM3UV62vUZcuDBbBVZkpgm6EogguK9gHdMaSSTNtaJIZkoxQhlm68VfcuFDErZ/gzr8x085CWw9cODnnXnLvCWJGlXacb6u0tLyyulZer2xsbm3v2Lt7bRUlEpMWjlgkuwFShFFBWppqRrqxJIgHjHSC8VXudx6IVDQSd3oSE5+joaAhxUgbqW8fsgvohRLh9DpLed+LKcT39Qx7GiX5q29XnZozBVwkbkGqoECzb395gwgnnAiNGVKq5zqx9lMkNcWMZBUvUSRGeIyGpGeoQJwoP50eksFjowxgGElTQsOp+nsiRVypCQ9MJ0d6pOa9XPzP6yU6PPdTKuJEE4FnH4UJgzqCeSpwQCXBmk0MQVhSsyvEI2Ri0Sa7ignBnT95kbTrNdepuben1cZlEUcZHIAjcAJccAYa4AY0QQtg8AiewSt4s56sF+vd+pi1lqxiZh/8gfX5A1TxmYg=</latexit><latexit sha1_base64="C02kyOuzIWyUw6FKEm/vAw2IwAY=">AAACCHicbVDLSgMxFM3UV62vUZcuDBbBVZkpgm6EogguK9gHdMaSSTNtaJIZkoxQhlm68VfcuFDErZ/gzr8x085CWw9cODnnXnLvCWJGlXacb6u0tLyyulZer2xsbm3v2Lt7bRUlEpMWjlgkuwFShFFBWppqRrqxJIgHjHSC8VXudx6IVDQSd3oSE5+joaAhxUgbqW8fsgvohRLh9DpLed+LKcT39Qx7GiX5q29XnZozBVwkbkGqoECzb395gwgnnAiNGVKq5zqx9lMkNcWMZBUvUSRGeIyGpGeoQJwoP50eksFjowxgGElTQsOp+nsiRVypCQ9MJ0d6pOa9XPzP6yU6PPdTKuJEE4FnH4UJgzqCeSpwQCXBmk0MQVhSsyvEI2Ri0Sa7ignBnT95kbTrNdepuben1cZlEUcZHIAjcAJccAYa4AY0QQtg8AiewSt4s56sF+vd+pi1lqxiZh/8gfX5A1TxmYg=</latexit><latexit sha1_base64="C02kyOuzIWyUw6FKEm/vAw2IwAY=">AAACCHicbVDLSgMxFM3UV62vUZcuDBbBVZkpgm6EogguK9gHdMaSSTNtaJIZkoxQhlm68VfcuFDErZ/gzr8x085CWw9cODnnXnLvCWJGlXacb6u0tLyyulZer2xsbm3v2Lt7bRUlEpMWjlgkuwFShFFBWppqRrqxJIgHjHSC8VXudx6IVDQSd3oSE5+joaAhxUgbqW8fsgvohRLh9DpLed+LKcT39Qx7GiX5q29XnZozBVwkbkGqoECzb395gwgnnAiNGVKq5zqx9lMkNcWMZBUvUSRGeIyGpGeoQJwoP50eksFjowxgGElTQsOp+nsiRVypCQ9MJ0d6pOa9XPzP6yU6PPdTKuJEE4FnH4UJgzqCeSpwQCXBmk0MQVhSsyvEI2Ri0Sa7ignBnT95kbTrNdepuben1cZlEUcZHIAjcAJccAYa4AY0QQtg8AiewSt4s56sF+vd+pi1lqxiZh/8gfX5A1TxmYg=</latexit>
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Measurements
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Muon	Production	Depth	:	<	Xµmax >
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MPD	discussion

• <	Xµmax >	is	very	sensitive	to
• baryon production:

• baryons have smaller critical energy. They
reach deeper and do not produce muons

• π-Air diffraction:
• slows	down	multiplicative	process

• K	&	π	energy	spectrum:	
• bulk	of	mesons	closer	to	critical	energy
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Figure 1: Primary energy dependence of Xmax (left) and of Xµ
max for Eµ ≥ 1 GeV (right) for

proton-initiated vertical EAS, calculated using the EPOS-LHC, QGSJET-II-04, and QGSJET
models (respectively top blue, middle red, and bottom green solid lines), or applying mixed model
descriptions, as explained in the text (dashed, dotted-dashed, and dotted lines).

physics of the hadronic cascade in the atmo-
sphere. At lower energies, there is a very pro-
nounced “leading nucleon” effect, i.e. most en-
ergetic secondary particles in proton-air colli-
sions are typically protons or neutrons (pro-
duced either directly or via decays of hyperons
and resonances). On the other hand, in the very
high energy limit the energy loss of leading nu-
cleons is noticeably higher and the most ener-
getic secondary hadron may well be a pion or
a kaon, which results in a stronger sensitivity
of Xmax calculations to the corresponding pro-
duction spectra. We also repeat the same calcu-
lation describing secondary hadron interactions
in the cascade with QGSJET, the results be-
ing plotted by the green dashed line in Fig. 1
(left). In this case, the difference with the pure
QGSJET-based calculation does not exceed 3
g/cm2, which is due to the fact that forward par-
ticle spectra in proton-air collisions are rather
similar in QGSJET and QGSJET-II-04.

Thus, there remain large differences between
the two dashed lines in Fig. 1 (left) and the
results of QGSJET-II-04, which arise from the
model treatments of pion- and kaon-air interac-
tions. In the particular case of QGSJET, this
amounts to 10 − 13 g/cm2, i.e. to ≃ 80% of
the difference between QGSJET and QGSJET-
II-04, and is mainly related to the larger pion-
air cross section and softer production spectra
for secondary mesons, predicted by QGSJET.
The larger cross section is responsible for ≃ 20%

of the difference, as is illustrated by the green
dotted-dashed line in Fig. 1 (left), obtained by
using QGSJET-II-04 both for the primary inter-
action and for the inelastic cross sections for all
the secondary hadron-air collisions in the cas-
cade. In turn, applying QGSJET-II-04 to de-
scribe also pion and kaon spectra in pion-air col-
lisions produces an additional 35−50% effect, as
shown by the green dotted line in Fig. 1 (left).

In case of EPOS-LHC, the remaining ≃ 35%
difference with the QGSJET-II-04 results is
both due to a copious production of baryon-
antibaryon pairs in pion- and kaon-air colli-
sions and due to harder (anti-)baryon spectra in
EPOS-LHC [16]. These features lead to a slower
energy dissipation from the hadronic cascade,
hence, to an elongation of the shower profile.
Indeed, if we apply QGSJET-II-04 to describe
both the primary interaction and the production
of nucleons and antinucleons in all the secondary
pion- and kaon-air collisions, while treating the
rest with EPOS-LHC, the obtained Xmax shown
by the blue dotted line in Fig. 1 (left) practically
coincides with the QGSJET-II-04 results.

Let us now determine the energy range of
pion- and kaon-air collisions which are most
relevant for the above-discussed model depen-
dence of Xmax calculations. To this end, we ap-
ply QGSJET-II-04 to treat all hadronic inter-
actions in the cascade above some “transition”
energy Etrans, while describing hadron-air colli-
sions at E < Etrans using either EPOS-LHC or

3

Change	in	<	Xµ
max >	~	50	g	cm-2

corresponds	to
change	in	<	Xmax >	~	15	g	cm-2

<	Xµmax >	can	be	used	to	improve	
<	Xmax >	model	uncertainty	
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WHISP	results	on	muon	deficit	
(akamuon	excess	in	data)	

z =
lnNµ � lnNp

µ

lnNFe
µ � lnNp

µ
' 3 ln

Nµ

Np
µ
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Probing High-Energy Hadronic Interaction with EAS (DRAFT) Lorenzo Cazon

contributed with measurements. NEVOD-DECOR [25, 35] observed a muon deficit in simulations
starting around 1018 eV as did the SUGAR array [28]. The Pierre Auger Observatory [29, 30] and
Telescope Array [31] reported a muon deficit with respect to the latest models in the energy range
around and above 1019 eV. On the other hand, KASCADE-Grande [26] and EAS-MSU [27] re-
ported no discrepancy around 1017 eV in the muon number. In [21], a comprehensive collection of
muon measurements, which also include data from IceCube [32], AMIGA [33], and unpublished
data from Yaktusk [34], was presented. A z-scale was introduced to plot the ratio of Nµ with respect
to proton simulations with a given model, as z =

lnNµ�lnN p
µ

lnN p
µ�lnNFe

µ
= k ln

⇣
Nµ
N p

µ

⌘
with k ' 3. Where z = 0

corresponds to the number of muons contained in proton showers, and z = 1 in iron showers. An
energy rescaling was applied to all z-values in order to obtain a matching energy spectrum between
experiments. Afterwards, the difference with respect to expectations from models D = z � zmass

was calculated, where zmass was inferred from Xmax data. Results are shown in Figure. 9, where a
growing muon deficit in the simulations, above 1016 eV, can be observed. The slope of this increase
in z per decade in energy is 0.22 to 0.35 for EPOS-LHC and QGSJet-II.04, with 8 s significance.

Figure 9: Dz = z� zmass for EPOS-LHC and QSGJet-II.04. The function Dzfit = a+b log10(E/1016eV) was
fitted resulting in b = 0.34±0.04 for EPOS-LHC and b = 0.30±0.03 for QGSJetII.04. The inset shows the
average residual per data set with respect to the fitted line, Dz � Dzfit, as a function of the minimum energy
of muons at the production point high in the atmosphere, Eµ prod.

3.1 Muon energy and transverse momentum at production

In [21], other trends in the deviations between simulations and data were investigated. The
minimum energy required at production for a muon to be detected in each experiment (Eµ prod) was
calculated, spanning from ⇠ 1 GeV up to ⇠ 19 GeV, by NEVOD-DECOR [25, 35]. Unfortunately,
current data did not allow any deviation to be claimed for the muon spectrum at production with
respect to models, due to the large inhomogeneity and uncertainties of measurements. On the other
hand, results by KASCADE-Grande in this conference [57], show that the measured muon number
lies between the model predictions for proton and iron nuclei for all models, with a tendency to-
wards heavier primaries as we increase the EAS zenith angle. The results support previous findings
of KASCADE-Grande about a problem in the predicted muon attenuation length, and therefore the
E-spectrum of muons between 10 PeV and 1 EeV.
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Table 1: Table showing the energy-scale adjustment factors obtained from cross-calibration (2nd column),
the median secq of several data sets (3rd column), and the minimum energy of the muons at production, due
to energy loss in the atmosphere and detector shielding (see text for explanation).

Experiment Edata/Eref secq Eµ prod/GeV
EAS-MSU - 1.1 11.9
IceCube Neutrino Observatory 1.19 1.0 0.7
KASCADE-Grande - 1.0 , 1.3 1.5 , 2.1
NEVOD-DECOR 1.08 2.3 , 4.8 8.4 , 18.6
Pierre Auger Observatory 0.948 1.3 , 2.4 1.8 , 4.0
AMIGA 0.948 1.2 2.4
SUGAR 0.948 1.0 1.9
Telescope Array 1.052 1.3 1.4
Yakutsk EAS Array 1.24 1.1 2.6

where Nµ
det is the muon density estimate as seen in the detector, while Nµ

det
p and Nµ

det
Fe are the

simulated muon density estimates for proton and iron showers, accounting for detector effects. The
z-scale ranges from 0 (pure proton showers) to 1 (pure iron showers), if there is no discrepancy
between real and simulated air showers, in which case one could use hlnAi = z ln56 to infer the
average logarithmic mass.

Shown in Figure 2 are the converted measurements for each hadronic interaction model. Note
that the conversion to z is only possible when Nµ

det
p and Nµ

det
Fe are available for that model under

the specific experimental conditions. The scatter is drastically reduced after the cross-calibration,
as can be seen in Figure 3. The points move horizontally by the relative amount (Edata/Eref)�1

and vertically by zref � zdata =
b ln(Edata/Eref)

ln(Nµ det
Fe )�ln(Nµ det

p )
. As expected, the cross-calibration improves the

agreement between data from different experiments. The points for KASCADE-Grande1 and EAS-
MSU were not cross-calibrated in this report and are included for comparison. We emphasize again
that the reference energy-scale after cross-calibration has a remaining uncertainty of at least 10 %.
This means that z-values in all plots can be collectively varied by about ±0.25.

Now, we consider the effect of an energy-dependent mass composition. Shown in Figure 3
is a band which contains the optical measurements of the depth Xmax of shower maximum from
several experiments after conversion into hlnAi based on air shower simulations with EPOS-LHC.
We will use this as an estimate of the mass composition. The band is independent of the muon
measurements and can be used as a reference. Also shown is the zmass = hlnAi/ ln56 value com-
puted from the GSF model [22], which is based on optical and muon measurements and averages
over experiments and model interpretations of air shower data.

It can be seen that the measured z values do not follow zmass, implying that the models do
not consistently describe the muon density. EPOS-LHC [2], QGSJet-II.04 [3], and SIBYLL-2.3
[4], and the pre-LHC model QGSJet01 give a reasonable description of data up to a few 1016 eV.
At higher shower energies, a muon deficit in simulations is observed (z > zmass) in all models.
Shown in Figure 4 is the difference Dz = z�zmass for EPOS-LHC and QGSJet-II.04, the two latest-

1Latest KASCADE-Grande results, presented in this conference [27], were not yet included in this comparison.
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scanning	zenith	angles	=	scanning	
different	energies	at	production

If	muon	excess	increases	as	a	
function	of	zenith	angle,	indication	
of	a	harder	E-spectrum	wrt model
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Figure 3: Muon attenuation lengths extracted from Monte Carlo (points below shadowed area) and experi-
mental data (upper black circle). Error bars indicate statistical uncertainties, while the brackets represent
the total errors (systematic plus statistical errors added in quadrature). The shadowed band covers the total
uncertainty estimated for the experimental result.

energy intervals log10(E/GeV) = [7.4, 8.0], [7.3, 7.9], [7.4, 8.0] and [7.3, 7.9] according to the
QGSJET-II-02, QGSJET-II-04, SIBYLL 2.1 and EPOS-LHC models, respectively. These
energy assignments were estimated from Nµ using power-law formulas calibrated with MC
data for each zenith-angle interval. A primary cosmic ray spectrum characterized by a mixed
composition and a spectral index γ = −3 was used for the energy calibration. Returning
to table 1, results are accompanied by their statistical and systematic uncertainties. The
experimental systematic error includes (a detailed discussion can be found in Appendix B):

• uncertainty resulting from the CIC method;
• uncertainty owing to the size of the zenith-angle intervals;
• uncertainty in the parameters of the muon correction function;
• systematic bias of the corrected muon number and its model and composition depen-
dence;

• and uncertainties associated with the EAS core position relative to the center of the
KASCADE muon array.

In addition, the MC systematic error includes uncertainties associated with the spectral
index and primary composition.

From fig. 3, it is observed that the measured Λµ lies above the MC predictions. The
deviations of the experimental value from the MC expectations are shown in table 1 along
with the confidence levels (CL) for agreement with the model estimations. From both table 1
and fig. 3, it can be seen that the pre-LHC models QGSJET-II-02 and SIBYLL 2.1 show the
largest discrepancies with deviations at the level of +2.04 σ and +1.99 σ, respectively. The
corresponding CL’s are 2.08% and 2.34% and indicate that the probability of agreement
between experiment and the expectations is low for these cases. On the other hand, just
slight discrepancies are found for the post-LHC models QGSJET-II-04 and EPOS-LHC, with
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KASCADE-Grande	observes	a	larger	attenuation	length	for	
muons	->	harder	muon	spectrum



Reasons	for	different	
muon	E-spectrum

• Different	of	meson	production	E-spectrum
• Differences	in	the	π/K	ratio in	the	cascade

• change	in	the	effective	average	critical	energy	of	mesons
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Other	methods	to	study	the	muon	E-spectrum:
• Muon	deflections	by	Geomagnetic	Field	in	inclined	showers
• Arrival	Time	distributions	close	to	the	core

• Parallel	trajectories,	delays	are	due	to	subluminal	
velocities	and	multiple	scattering

• Time-track	complementarity
• Effective	measurement	of	multiple	scattering



Transverse	Momentum	- No	results

• No	demonstrated deviations wrt universal	expectations.
• Some	studies	find	deviations	in	the	muon	LDFs
• They	can	be	attributed	to	other	factors:	mass,	E-spectrum*,	Xµmax

26*	J.	Espadanal et	al.	Astropart.	Phys.	86	(2017)	32



From	Heitler	model	to	Energy	model
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FIG. 6. Left: Di↵erence of the Jackknife-estimate of the variance of the measured muon scale R̂µ and the squared estimated
resolution, normalized by the squared estimated muon scale. Shown are the results obtained for real events (solid circles),
simulated proton showers (red boxes) and simulated iron showers (blue boxes). Right: Di↵erence of the Jackknife-estimate of
the variance of the measured muon scale R̂µ in data and in simulated showers, normalized by the squared estimated muon
scale. The solid line represents the fit described in the text. The shaded area indicates muon scales for which the SD is not
100 % e�cient.

scatter, but no trends are visible and the P-values are
not indicative of a systematic deviation. No correction is
applied with respect to these angles.455

Shown in Fig. 9 for illustration are histograms of the
raw relative fluctuations around the calibration curve,
computed using Eq. (3). For comparison the expected
distributions based on the fitted p.d.f. f(Ê, R̂µ) from
the unfolding analysis and the unfolded distributions of460

the intrinsic fluctuations of the muon scale are shown as
well. The Gaussian shape of the unfolded distributions
is not a result, but an assumption put into the analysis.
The data histograms indicate no deviation from such a
shape, which is expected with the size of the statistical465

ensemble in the present analysis (see Appendix A).

IV. RESULTS AND DISCUSSION

The average and relative fluctuations of the muon scale
hRµi and �(Rµ)/hRµi obtained with the unfolding anal-
ysis are shown in Fig. 10, together with the statistical470

and systematic uncertainty. The uncertainty due to the
energy scale is indicated separately in the figure, which
spans horizontally. Also shown in the plot is the re-
sult for proton and iron primaries from simulations per-
formed with CONEX vX.YY [22] at 67�. using the475

post-LHC models Epos-lhc [23, 24], Qgsjet II-04 [25]
and Sibyll 2.3c [26] for the high energy hadronic in-
teractions. Low energy interactions were treated with
Fluka v2011.2c [27, 28].

Large statistical uncertainties in data make the energy480

evolution �(Rµ)/hRµi compatible with a constant and
also with a decreasing slope. (A a fit to �(Rµ)/Rµ = a+
b log E yields b = XX±XX, or a constant �(Rµ)/Rµ = a
yields prob(�2/ndf = XX) = Y Y .) To estimate the ef-
fect of a realistic composition, the fraction of the four485

mass components (proton, helium, nitrogen and iron)
were derived from the Xmax measurement[? ] for three
di↵erent interaction models Epos-lhc , Sibyll 2.3 and
Qgsjet II-04. These fractions were then used to per-
form simulation with the corresponding models, from490

where �(Rµ)
Rµ

(Xmax) was calculated. There is good agree-

ment between �(Rµ)
Rµ

(Xmax) and direct �(Rµ)
Rµ

measure-

ments within the current uncertainties.

The growth of the hadronic cascade, is approximately
described in [29] as a product of the hadronic multiplic-495

ities mi occurring in each generation i, until the crit-
ical energy is reached at generation c [29], as Nµ =
m1 · m2 · ... · mc. Given that the relevant quantity for
particle production is the available energy, the number
of muons in a shower-to-shower basis is better explained500

by the product

Nµ / ↵1 · ↵2 · .... · ↵c (15)

where ↵ is a parameter which involves the multiplicity
and fraction of energy that keeps feeding the hadronic
cascade in each generation [30], and can be approximated
by ↵ ' Ehad

E0
. The relative fluctuations of Nµ can be505

explained by the relative fluctuations of ↵i in the di↵erent

Nµ = m1 ·m2 · ... ·mc
<latexit sha1_base64="SKNikuCTp7LFKbA+GlmQPyROeo8=">AAACEHicbZDLSsNAFIYn9VbrrerSzWARXYWkCLoRim5cSQV7gSaEyWTSDp3JhJmJUEIfwY2v4saFIm5duvNtnLZBtPWHgY//nMOZ84cpo0o7zpdVWlpeWV0rr1c2Nre2d6q7e20lMolJCwsmZDdEijCakJammpFuKgniISOdcHg1qXfuiVRUJHd6lBKfo35CY4qRNlZQPb4JPJ5d8MCFHo6EhjyoF2Tb9o+Hg2rNsZ2p4CK4BdRAoWZQ/fQigTNOEo0ZUqrnOqn2cyQ1xYyMK16mSIrwEPVJz2CCOFF+Pj1oDI+ME8FYSPMSDafu74kccaVGPDSdHOmBmq9NzP9qvUzH535OkzTTJMGzRXHGoBZwkg6MqCRYs5EBhCU1f4V4gCTC2mRYMSG48ycvQrtuu47t3p7WGpdFHGVwAA7BCXDBGWiAa9AELYDBA3gCL+DVerSerTfrfdZasoqZffBH1sc3V5qa3w==</latexit><latexit sha1_base64="SKNikuCTp7LFKbA+GlmQPyROeo8=">AAACEHicbZDLSsNAFIYn9VbrrerSzWARXYWkCLoRim5cSQV7gSaEyWTSDp3JhJmJUEIfwY2v4saFIm5duvNtnLZBtPWHgY//nMOZ84cpo0o7zpdVWlpeWV0rr1c2Nre2d6q7e20lMolJCwsmZDdEijCakJammpFuKgniISOdcHg1qXfuiVRUJHd6lBKfo35CY4qRNlZQPb4JPJ5d8MCFHo6EhjyoF2Tb9o+Hg2rNsZ2p4CK4BdRAoWZQ/fQigTNOEo0ZUqrnOqn2cyQ1xYyMK16mSIrwEPVJz2CCOFF+Pj1oDI+ME8FYSPMSDafu74kccaVGPDSdHOmBmq9NzP9qvUzH535OkzTTJMGzRXHGoBZwkg6MqCRYs5EBhCU1f4V4gCTC2mRYMSG48ycvQrtuu47t3p7WGpdFHGVwAA7BCXDBGWiAa9AELYDBA3gCL+DVerSerTfrfdZasoqZffBH1sc3V5qa3w==</latexit><latexit sha1_base64="SKNikuCTp7LFKbA+GlmQPyROeo8=">AAACEHicbZDLSsNAFIYn9VbrrerSzWARXYWkCLoRim5cSQV7gSaEyWTSDp3JhJmJUEIfwY2v4saFIm5duvNtnLZBtPWHgY//nMOZ84cpo0o7zpdVWlpeWV0rr1c2Nre2d6q7e20lMolJCwsmZDdEijCakJammpFuKgniISOdcHg1qXfuiVRUJHd6lBKfo35CY4qRNlZQPb4JPJ5d8MCFHo6EhjyoF2Tb9o+Hg2rNsZ2p4CK4BdRAoWZQ/fQigTNOEo0ZUqrnOqn2cyQ1xYyMK16mSIrwEPVJz2CCOFF+Pj1oDI+ME8FYSPMSDafu74kccaVGPDSdHOmBmq9NzP9qvUzH535OkzTTJMGzRXHGoBZwkg6MqCRYs5EBhCU1f4V4gCTC2mRYMSG48ycvQrtuu47t3p7WGpdFHGVwAA7BCXDBGWiAa9AELYDBA3gCL+DVerSerTfrfdZasoqZffBH1sc3V5qa3w==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="QOHZ0UDHlgx8Toqj8un+5UyRgqE=">AAACBXicbZBPS8MwGMbfzn9zTq1evQSH6Km0u+hFELx4kgnuD6ylpGm6hSVtSVJhjH0EL34VLx4U8St489uYbUV084HAj+dJePM+Uc6Z0q77ZVXW1jc2t6rbtZ367t6+fVDvqKyQhLZJxjPZi7CinKW0rZnmtJdLikXEaTcaXc/y7gOVimXpvR7nNBB4kLKEEayNFdqnt6EviksResgncaaRCJslOY7z45HQbriOOxdaBa+EBpRqhfanH2ekEDTVhGOl+p6b62CCpWaE02nNLxTNMRnhAe0bTLGgKpjMF5qiE+PEKMmkOalGc/f3iwkWSo1FZG4KrIdqOZuZ/2X9QicXwYSleaFpShaDkoIjnaFZOyhmkhLNxwYwkcz8FZEhlpho02HNlOAtr7wKnabjuY5350IVjuAYzsCDc7iCG2hBGwg8wjO8wpv1ZL1Y74u6KlbZ2yH8kfXxDbFUmWQ=</latexit><latexit sha1_base64="QOHZ0UDHlgx8Toqj8un+5UyRgqE=">AAACBXicbZBPS8MwGMbfzn9zTq1evQSH6Km0u+hFELx4kgnuD6ylpGm6hSVtSVJhjH0EL34VLx4U8St489uYbUV084HAj+dJePM+Uc6Z0q77ZVXW1jc2t6rbtZ367t6+fVDvqKyQhLZJxjPZi7CinKW0rZnmtJdLikXEaTcaXc/y7gOVimXpvR7nNBB4kLKEEayNFdqnt6EviksResgncaaRCJslOY7z45HQbriOOxdaBa+EBpRqhfanH2ekEDTVhGOl+p6b62CCpWaE02nNLxTNMRnhAe0bTLGgKpjMF5qiE+PEKMmkOalGc/f3iwkWSo1FZG4KrIdqOZuZ/2X9QicXwYSleaFpShaDkoIjnaFZOyhmkhLNxwYwkcz8FZEhlpho02HNlOAtr7wKnabjuY5350IVjuAYzsCDc7iCG2hBGwg8wjO8wpv1ZL1Y74u6KlbZ2yH8kfXxDbFUmWQ=</latexit><latexit sha1_base64="HpqAQCv7nn/ZgqU6lZz1XJCkETQ=">AAACEHicbZDLSsNAFIYnXmu9RV26GSyiq5B0oxuh6MaVVLAXaEKYTCbt0JlMmJkIJfQR3Pgqblwo4talO9/GaRtEW38Y+PjPOZw5f5QxqrTrfllLyyura+uVjerm1vbOrr2331Yil5i0sGBCdiOkCKMpaWmqGelmkiAeMdKJhleTeueeSEVFeqdHGQk46qc0oRhpY4X2yU3o8/yChx70cSw05GG9JMdxfjwc2jXXcaeCi+CVUAOlmqH96ccC55ykGjOkVM9zMx0USGqKGRlX/VyRDOEh6pOewRRxooJietAYHhsnhomQ5qUaTt3fEwXiSo14ZDo50gM1X5uY/9V6uU7Og4KmWa5JimeLkpxBLeAkHRhTSbBmIwMIS2r+CvEASYS1ybBqQvDmT16Edt3xXMe7dWuNyzKOCjgER+AUeOAMNMA1aIIWwOABPIEX8Go9Ws/Wm/U+a12yypkD8EfWxzdWWprb</latexit><latexit sha1_base64="SKNikuCTp7LFKbA+GlmQPyROeo8=">AAACEHicbZDLSsNAFIYn9VbrrerSzWARXYWkCLoRim5cSQV7gSaEyWTSDp3JhJmJUEIfwY2v4saFIm5duvNtnLZBtPWHgY//nMOZ84cpo0o7zpdVWlpeWV0rr1c2Nre2d6q7e20lMolJCwsmZDdEijCakJammpFuKgniISOdcHg1qXfuiVRUJHd6lBKfo35CY4qRNlZQPb4JPJ5d8MCFHo6EhjyoF2Tb9o+Hg2rNsZ2p4CK4BdRAoWZQ/fQigTNOEo0ZUqrnOqn2cyQ1xYyMK16mSIrwEPVJz2CCOFF+Pj1oDI+ME8FYSPMSDafu74kccaVGPDSdHOmBmq9NzP9qvUzH535OkzTTJMGzRXHGoBZwkg6MqCRYs5EBhCU1f4V4gCTC2mRYMSG48ycvQrtuu47t3p7WGpdFHGVwAA7BCXDBGWiAa9AELYDBA3gCL+DVerSerTfrfdZasoqZffBH1sc3V5qa3w==</latexit><latexit sha1_base64="SKNikuCTp7LFKbA+GlmQPyROeo8=">AAACEHicbZDLSsNAFIYn9VbrrerSzWARXYWkCLoRim5cSQV7gSaEyWTSDp3JhJmJUEIfwY2v4saFIm5duvNtnLZBtPWHgY//nMOZ84cpo0o7zpdVWlpeWV0rr1c2Nre2d6q7e20lMolJCwsmZDdEijCakJammpFuKgniISOdcHg1qXfuiVRUJHd6lBKfo35CY4qRNlZQPb4JPJ5d8MCFHo6EhjyoF2Tb9o+Hg2rNsZ2p4CK4BdRAoWZQ/fQigTNOEo0ZUqrnOqn2cyQ1xYyMK16mSIrwEPVJz2CCOFF+Pj1oDI+ME8FYSPMSDafu74kccaVGPDSdHOmBmq9NzP9qvUzH535OkzTTJMGzRXHGoBZwkg6MqCRYs5EBhCU1f4V4gCTC2mRYMSG48ycvQrtuu47t3p7WGpdFHGVwAA7BCXDBGWiAa9AELYDBA3gCL+DVerSerTfrfdZasoqZffBH1sc3V5qa3w==</latexit><latexit sha1_base64="SKNikuCTp7LFKbA+GlmQPyROeo8=">AAACEHicbZDLSsNAFIYn9VbrrerSzWARXYWkCLoRim5cSQV7gSaEyWTSDp3JhJmJUEIfwY2v4saFIm5duvNtnLZBtPWHgY//nMOZ84cpo0o7zpdVWlpeWV0rr1c2Nre2d6q7e20lMolJCwsmZDdEijCakJammpFuKgniISOdcHg1qXfuiVRUJHd6lBKfo35CY4qRNlZQPb4JPJ5d8MCFHo6EhjyoF2Tb9o+Hg2rNsZ2p4CK4BdRAoWZQ/fQigTNOEo0ZUqrnOqn2cyQ1xYyMK16mSIrwEPVJz2CCOFF+Pj1oDI+ME8FYSPMSDafu74kccaVGPDSdHOmBmq9NzP9qvUzH535OkzTTJMGzRXHGoBZwkg6MqCRYs5EBhCU1f4V4gCTC2mRYMSG48ycvQrtuu47t3p7WGpdFHGVwAA7BCXDBGWiAa9AELYDBA3gCL+DVerSerTfrfdZasoqZffBH1sc3V5qa3w==</latexit><latexit sha1_base64="SKNikuCTp7LFKbA+GlmQPyROeo8=">AAACEHicbZDLSsNAFIYn9VbrrerSzWARXYWkCLoRim5cSQV7gSaEyWTSDp3JhJmJUEIfwY2v4saFIm5duvNtnLZBtPWHgY//nMOZ84cpo0o7zpdVWlpeWV0rr1c2Nre2d6q7e20lMolJCwsmZDdEijCakJammpFuKgniISOdcHg1qXfuiVRUJHd6lBKfo35CY4qRNlZQPb4JPJ5d8MCFHo6EhjyoF2Tb9o+Hg2rNsZ2p4CK4BdRAoWZQ/fQigTNOEo0ZUqrnOqn2cyQ1xYyMK16mSIrwEPVJz2CCOFF+Pj1oDI+ME8FYSPMSDafu74kccaVGPDSdHOmBmq9NzP9qvUzH535OkzTTJMGzRXHGoBZwkg6MqCRYs5EBhCU1f4V4gCTC2mRYMSG48ycvQrtuu47t3p7WGpdFHGVwAA7BCXDBGWiAa9AELYDBA3gCL+DVerSerTfrfdZasoqZffBH1sc3V5qa3w==</latexit><latexit sha1_base64="SKNikuCTp7LFKbA+GlmQPyROeo8=">AAACEHicbZDLSsNAFIYn9VbrrerSzWARXYWkCLoRim5cSQV7gSaEyWTSDp3JhJmJUEIfwY2v4saFIm5duvNtnLZBtPWHgY//nMOZ84cpo0o7zpdVWlpeWV0rr1c2Nre2d6q7e20lMolJCwsmZDdEijCakJammpFuKgniISOdcHg1qXfuiVRUJHd6lBKfo35CY4qRNlZQPb4JPJ5d8MCFHo6EhjyoF2Tb9o+Hg2rNsZ2p4CK4BdRAoWZQ/fQigTNOEo0ZUqrnOqn2cyQ1xYyMK16mSIrwEPVJz2CCOFF+Pj1oDI+ME8FYSPMSDafu74kccaVGPDSdHOmBmq9NzP9qvUzH535OkzTTJMGzRXHGoBZwkg6MqCRYs5EBhCU1f4V4gCTC2mRYMSG48ycvQrtuu47t3p7WGpdFHGVwAA7BCXDBGWiAa9AELYDBA3gCL+DVerSerTfrfdZasoqZffBH1sc3V5qa3w==</latexit><latexit sha1_base64="SKNikuCTp7LFKbA+GlmQPyROeo8=">AAACEHicbZDLSsNAFIYn9VbrrerSzWARXYWkCLoRim5cSQV7gSaEyWTSDp3JhJmJUEIfwY2v4saFIm5duvNtnLZBtPWHgY//nMOZ84cpo0o7zpdVWlpeWV0rr1c2Nre2d6q7e20lMolJCwsmZDdEijCakJammpFuKgniISOdcHg1qXfuiVRUJHd6lBKfo35CY4qRNlZQPb4JPJ5d8MCFHo6EhjyoF2Tb9o+Hg2rNsZ2p4CK4BdRAoWZQ/fQigTNOEo0ZUqrnOqn2cyQ1xYyMK16mSIrwEPVJz2CCOFF+Pj1oDI+ME8FYSPMSDafu74kccaVGPDSdHOmBmq9NzP9qvUzH535OkzTTJMGzRXHGoBZwkg6MqCRYs5EBhCU1f4V4gCTC2mRYMSG48ycvQrtuu47t3p7WGpdFHGVwAA7BCXDBGWiAa9AELYDBA3gCL+DVerSerTfrfdZasoqZffBH1sc3V5qa3w==</latexit>

Nµ = f1 · f2 · ... · fc ·
Eo

⇠c
<latexit sha1_base64="9Vs53trY7NG+0hJm1OILjlSQfF4="></latexit><latexit sha1_base64="YmOcNI9MnA909Jl8xcfiZrPvoMA="></latexit><latexit sha1_base64="YmOcNI9MnA909Jl8xcfiZrPvoMA="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="Kz42AKRB2oND9yDAOWfg7mWRPtQ=">AAACHXicbZBPS8MwGMbfzn9zTp1evQSH4Km0u+hFFETwJBPcH1hLSbN0C0ubkqTiKPs4XvwqXkQU2bcx24ro5gOBH8+T8OZ9wpQzpR1napXW1jc2t8rblZ3q7t5+7aDaViKThLaI4EJ2Q6woZwltaaY57aaS4jjktBOOrmd555FKxUTyoMcp9WM8SFjECNbGCmqXd4EXZxdR4CKP9IVGUdAoyLbtH48U5EUSk/wmEJPce2IBmQS1umM7c6FVcAuoQ6FmUHv3+oJkMU004Vipnuuk2s+x1IxwOql4maIpJiM8oD2DCY6p8vP5ohN0Ypw+ioQ0J9Fo7v5+keNYqXEcmpsx1kO1nM3M/7JepqNzP2dJmmmakMWgKONICzRrDfWZpETzsQFMJDN/RWSITRfadFsxJbjLK69Cu2G7ju3eO1CGIziGU3DhDK7gFprQAgLP8Aof8Gm9WG/W16KuklX0dgh/ZE2/AT8Go2c=</latexit><latexit sha1_base64="Kz42AKRB2oND9yDAOWfg7mWRPtQ=">AAACHXicbZBPS8MwGMbfzn9zTp1evQSH4Km0u+hFFETwJBPcH1hLSbN0C0ubkqTiKPs4XvwqXkQU2bcx24ro5gOBH8+T8OZ9wpQzpR1napXW1jc2t8rblZ3q7t5+7aDaViKThLaI4EJ2Q6woZwltaaY57aaS4jjktBOOrmd555FKxUTyoMcp9WM8SFjECNbGCmqXd4EXZxdR4CKP9IVGUdAoyLbtH48U5EUSk/wmEJPce2IBmQS1umM7c6FVcAuoQ6FmUHv3+oJkMU004Vipnuuk2s+x1IxwOql4maIpJiM8oD2DCY6p8vP5ohN0Ypw+ioQ0J9Fo7v5+keNYqXEcmpsx1kO1nM3M/7JepqNzP2dJmmmakMWgKONICzRrDfWZpETzsQFMJDN/RWSITRfadFsxJbjLK69Cu2G7ju3eO1CGIziGU3DhDK7gFprQAgLP8Aof8Gm9WG/W16KuklX0dgh/ZE2/AT8Go2c=</latexit><latexit sha1_base64="JPQQhf+fjZwA0LXMEhHh59h7TOw=">AAACKHicbZDNSsNAFIUn9a/Wv6hLN4NFcBWSbnQjFkVwJRVsLTQhTCaTdugkE2YmYgl5HDe+ihsRRbr1SZy2QbT1wMDHufdy554gZVQq2x4blaXlldW16nptY3Nre8fc3etInglM2pgzLroBkoTRhLQVVYx0U0FQHDByHwwvJ/X7ByIk5cmdGqXEi1E/oRHFSGnLN89vfDfOziLfgS4OuYKR3yjJsqwfD5fkRgLh/MrnRe4+Uh8Xvlm3LXsquAhOCXVQquWbb27IcRaTRGGGpOw5dqq8HAlFMSNFzc0kSREeoj7paUxQTKSXTw8t4JF2QhhxoV+i4NT9PZGjWMpRHOjOGKmBnK9NzP9qvUxFp15OkzRTJMGzRVHGoOJwkhoMqSBYsZEGhAXVf4V4gHQWSmdb0yE48ycvQqdhObbl3Nr15kUZRxUcgENwDBxwAprgGrRAG2DwBF7AO/gwno1X49MYz1orRjmzD/7I+PoGTuWk9g==</latexit><latexit sha1_base64="JPQQhf+fjZwA0LXMEhHh59h7TOw=">AAACKHicbZDNSsNAFIUn9a/Wv6hLN4NFcBWSbnQjFkVwJRVsLTQhTCaTdugkE2YmYgl5HDe+ihsRRbr1SZy2QbT1wMDHufdy554gZVQq2x4blaXlldW16nptY3Nre8fc3etInglM2pgzLroBkoTRhLQVVYx0U0FQHDByHwwvJ/X7ByIk5cmdGqXEi1E/oRHFSGnLN89vfDfOziLfgS4OuYKR3yjJsqwfD5fkRgLh/MrnRe4+Uh8Xvlm3LXsquAhOCXVQquWbb27IcRaTRGGGpOw5dqq8HAlFMSNFzc0kSREeoj7paUxQTKSXTw8t4JF2QhhxoV+i4NT9PZGjWMpRHOjOGKmBnK9NzP9qvUxFp15OkzRTJMGzRVHGoOJwkhoMqSBYsZEGhAXVf4V4gHQWSmdb0yE48ycvQqdhObbl3Nr15kUZRxUcgENwDBxwAprgGrRAG2DwBF7AO/gwno1X49MYz1orRjmzD/7I+PoGTuWk9g==</latexit><latexit sha1_base64="YmOcNI9MnA909Jl8xcfiZrPvoMA="></latexit><latexit sha1_base64="YmOcNI9MnA909Jl8xcfiZrPvoMA="></latexit><latexit sha1_base64="YmOcNI9MnA909Jl8xcfiZrPvoMA="></latexit><latexit sha1_base64="YmOcNI9MnA909Jl8xcfiZrPvoMA="></latexit><latexit sha1_base64="JPQQhf+fjZwA0LXMEhHh59h7TOw=">AAACKHicbZDNSsNAFIUn9a/Wv6hLN4NFcBWSbnQjFkVwJRVsLTQhTCaTdugkE2YmYgl5HDe+ihsRRbr1SZy2QbT1wMDHufdy554gZVQq2x4blaXlldW16nptY3Nre8fc3etInglM2pgzLroBkoTRhLQVVYx0U0FQHDByHwwvJ/X7ByIk5cmdGqXEi1E/oRHFSGnLN89vfDfOziLfgS4OuYKR3yjJsqwfD5fkRgLh/MrnRe4+Uh8Xvlm3LXsquAhOCXVQquWbb27IcRaTRGGGpOw5dqq8HAlFMSNFzc0kSREeoj7paUxQTKSXTw8t4JF2QhhxoV+i4NT9PZGjWMpRHOjOGKmBnK9NzP9qvUxFp15OkzRTJMGzRVHGoOJwkhoMqSBYsZEGhAXVf4V4gHQWSmdb0yE48ycvQqdhObbl3Nr15kUZRxUcgENwDBxwAprgGrRAG2DwBF7AO/gwno1X49MYz1orRjmzD/7I+PoGTuWk9g==</latexit>

� = 0.93
<latexit sha1_base64="Ck/GPN8C0W4uj3GKsFy/nm6s/dc=">AAAB9HicbVC7SgNBFL3rM8ZX1FKLwSBYLbtaqIUQtLFMwDwgWcLs5G4yZPbhzGwgLPkOGwtFbK39Djs7P8XJo9DEAxcO59zLvff4ieBKO86XtbS8srq2ntvIb25t7+wW9vZrKk4lwyqLRSwbPlUoeIRVzbXARiKRhr7Aut+/Hfv1AUrF4+heDxP0QtqNeMAZ1UbyCCEtHzW9duyr83ah6NjOBGSRuDNSLB19VL4BoNwufLY6MUtDjDQTVKmm6yTay6jUnAkc5VupwoSyPu1i09CIhqi8bHL0iJwYpUOCWJqKNJmovycyGio1DH3TGVLdU/PeWPzPa6Y6uPQyHiWpxohNFwWpIDom4wRIh0tkWgwNoUxycythPSop0yanvAnBnX95kdTObNex3YpJ4wamyMEhHMMpuHABJbiDMlSBwQM8wjO8WAPryXq13qatS9Zs5gD+wHr/ASqRkpw=</latexit><latexit sha1_base64="VAwDVswSwrVfsIVb5/Xe2r3hlA8=">AAAB9HicbVC7SgNBFJ2NrxhfUUtFBoNgtexqoRZC0MYyAfOAZAmzk7vJkNnZdWY2EJaUfoONhSK21vkOO7/Bn3DyKDTxwIXDOfdy7z1+zJnSjvNlZZaWV1bXsuu5jc2t7Z387l5VRYmkUKERj2TdJwo4E1DRTHOoxxJI6HOo+b3bsV/rg1QsEvd6EIMXko5gAaNEG8nDGDd90OTasa/OW/mCYzsT4EXizkiheDgqfz8ejUqt/GezHdEkBKEpJ0o1XCfWXkqkZpTDMNdMFMSE9kgHGoYKEoLy0snRQ3xilDYOImlKaDxRf0+kJFRqEPqmMyS6q+a9sfif10h0cOmlTMSJBkGni4KEYx3hcQK4zSRQzQeGECqZuRXTLpGEapNTzoTgzr+8SKpntuvYbtmkcYOmyKIDdIxOkYsuUBHdoRKqIIoe0BN6Qa9W33q23qz3aWvGms3soz+wPn4ACNaUAg==</latexit><latexit sha1_base64="VAwDVswSwrVfsIVb5/Xe2r3hlA8=">AAAB9HicbVC7SgNBFJ2NrxhfUUtFBoNgtexqoRZC0MYyAfOAZAmzk7vJkNnZdWY2EJaUfoONhSK21vkOO7/Bn3DyKDTxwIXDOfdy7z1+zJnSjvNlZZaWV1bXsuu5jc2t7Z387l5VRYmkUKERj2TdJwo4E1DRTHOoxxJI6HOo+b3bsV/rg1QsEvd6EIMXko5gAaNEG8nDGDd90OTasa/OW/mCYzsT4EXizkiheDgqfz8ejUqt/GezHdEkBKEpJ0o1XCfWXkqkZpTDMNdMFMSE9kgHGoYKEoLy0snRQ3xilDYOImlKaDxRf0+kJFRqEPqmMyS6q+a9sfif10h0cOmlTMSJBkGni4KEYx3hcQK4zSRQzQeGECqZuRXTLpGEapNTzoTgzr+8SKpntuvYbtmkcYOmyKIDdIxOkYsuUBHdoRKqIIoe0BN6Qa9W33q23qz3aWvGms3soz+wPn4ACNaUAg==</latexit><latexit sha1_base64="yGusRS1s5Km52a3gohCTwYvIUPM=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBA8LbN6UA9C0IvHCOYByRJmJ7PJkNmHM72BEPIdXjwo4tWP8ebfOEn2oIkFDUVVN91dQaqkQUq/nZXVtfWNzcJWcXtnd2+/dHBYN0mmuajxRCW6GTAjlIxFDSUq0Uy1YFGgRCMY3E39xlBoI5P4EUep8CPWi2UoOUMr+YSQdiCQ3VD3+qJTKlOXzkCWiZeTMuSodkpf7W7Cs0jEyBUzpuXRFP0x0yi5EpNiOzMiZXzAeqJlacwiYfzx7OgJObVKl4SJthUjmam/J8YsMmYUBbYzYtg3i95U/M9rZRhe+WMZpxmKmM8XhZkimJBpAqQrteCoRpYwrqW9lfA+04yjzaloQ/AWX14m9XPXo673QMuV2zyOAhzDCZyBB5dQgXuoQg04PMEzvMKbM3RenHfnY9664uQzR/AHzucPGpeQVw==</latexit>

� ! 0
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In	moat	practical	cases



So far, fluctuations of the shower were explained by fluctu-

ations of the partic
le multip

licity. Nevertheless,
an additio

nal

source of fluctuations comes from the fact that in each interac-

tion, energy is shared among the emerging partic
le in a uneven

and stochastic
way. Taking into account only those fluctuations

arisi
ng from the first

interaction, one can write
the total num-

ber of muons as the sum of the average number of muons that

are produced in the m1
subshowers that come out of the first

interaction, i.e.

Nµ,1
(E) =

m1X

j=1

hNµ(
E j)i =

m1X

j=1

C E
�

j
,

(3)

where the subscript 1 in Nµ,1
denotes that only the fluctuations

in the first interaction have been accounted for, and E j denotes

the energy carrie
d by the jth partic

le. We have used the fact that

nucleon and pion initia
ted showers produce sim

ilar number of

muons, as shown in Fig. 1. We define x j =
E j/E

as the fraction

of the prim
ary energy carrie

d by partic
le j. Each sub-shower is

thus weighted by x
�

j
in the final number of muons. Defining

↵1
⌘

m1X

j=1

x
�

j
,

(4)

we find that the number of muons in a shower is related to the

average number of muons Nµ,1
(E) =

↵1 hN
µ(E

)i . F
or �
=

1,

the variable ↵
1

represents the fraction of energy that is passed

on to the hadronic cascade. Its
distr

ibution is given by the

hadronic energy spectrum [12]. In the opposite
case (� =

0),

↵1 becomes m1, so �
shifts

the weight between energy and mul-

tiplicity. In contrast to the HM model, both the multip
licity

and

energy fluctuations are included.

We can also
introduce the fluctuations induced by the sec-

ond generation, writin
g Nµ,2

(E) =
Pm1

j=1

Pm2 j

k=1
C E
�

jk
where

E jk
=

x jx jkE
is the energy carrie

d by second generation par-

ticles, where
j and k run through the di↵e

rent combinations

of 1st and 2nd generation partic
les respectively. This proce-

dure can be generalized to account for any number of gener-

ations. Given ↵1
we can define ↵ i recursiv

ely for any gener-

ation as ↵ i
⌘ Nµ,i

/Nµ,
i�1

and translate the sum of sums into

a product. Including fluctuations up to generation g the num-

ber of muons is given by Nµ
=
hNµ(

E)i
Q g

i=1
↵ i.

As before,

the number of partic
les in the hadronic cascade increases with

generation so the fluctuations in ↵
i decrease. By grouping fluc-

tuations of all the generations but the first in a single parameter

! =
hNµ(

E)i
Q g

i=2
↵ i, the total number of muons can finally

be

writte
n as

Nµ
=
↵1 · !

.

(5)

3. EAS Monte Carlo test

In order to verify
our hypothesis,

we have run 103 full 3D-

sim
ulations of proton showers with Cor

sik
a (v7.6400) [13] at a

prim
ary energy of 101

9 eV and zenith
angle of 67� . The energy

threshold for the thinning algorith
m was set to ✏ t

hin
= 10�

6 and

weights were lim
ited to wmax

= ✏ t
hin
· (E 0/

1 GeV). We have also

Figure 2:
Distr

ibution of the modified hadronic energy fraction of the first

interaction, ↵1, and the number of muons, Nµ,
for Con

ex
(heat-m

ap) and Cor
-

sik
a

(red points) sim
ulations. Prim

aries are protons with
an energy of 101

9 eV

and a zenith
angle of 67� . Hadronic interactions were sim

ulated with
Epo
s-lh
c

and Flu
ka

. Note: the accumulation of events along the line where ↵
1
=

1

corresponds to quasi-e
lastic
/di↵ra

ctive events. The corresponding distr
ibutions

for Siby
ll

2.3c
and QGSjet

II-0
4 are shown in Appendix

B.

run 105 1D-sim
ulations of air showers with

Con
ex

(v5.40) [14,

15] for di↵e
rent prim

aries, energies 101
6 ,101

7 ,101
8 and 101

9 eV

and zenith
angles of 38�

and 67� . High-energy interactions

were
sim

ulated with
the post-L

HC models Epo
s-lh
c

[16],

QGSjet
II-0

4 [17] and Siby
ll

2.3c
[18, 19], low-energies with

Flu
ka

v2011.2c [20]. The information about the first
interac-

tions was recorded [21]. Hadronic partic
les, i.e. partic

les that

form
the hadronic cascade and that determine ↵1, were defined

as all hadrons other than ⇡
0 and ⌘

. We refer to the number of

muons at ground by Nµ.

In Fig. 2, the Nµ
and ↵1

joint distr
ibution, f↵1,N

µ
(↵1,

Nµ)
de-

rived with
Con
ex

is shown with
events from Cor

sik
a superim

-

posed. The correlation coe�cient is approximately 0.8
2 . For

compariso
n, the correlation with

the fraction of hadronic en-

ergy and with
the multip

licity
of the first

interaction is about

0.6
and 0.2

respectively. A detailed compariso
n of the correla-

tions between variables of the first
interaction and the number

of muons is given in Appendix
C. The correlation between Nµ

and the fraction of hadronic energy is discussed in Appendix

D. Looking at the joint distr
ibution shown in Fig. 2 one can see

that the bulk of events follows a linear relation of the form:

Nµ
=

(↵1+
�) · !

.

(6)

While
approximately 1/3

of pions that are produced in a pp

interaction are neutral, due to the preservation of the quantum

numbers of the proton (leading partic
le e↵e

ct) the fraction of

events where most of the energy is carrie
d by a neutral pion is

much smaller. In these rare cases, ↵1
! 0, and muon produc-

tion is dominated by photo-pion production in the EM cascade.

The additio
nal term

� in Eq. (6) accounts for this (compare to

Eq. (5)). Its value was found to be roughly 0.16 across di↵e
rent

models (Appendix B). The distr
ibution of the number of muons

produced in a photon-initia
ted shower is shown in Fig. 1. The

2 ⇢X,Y
= cov(X,

Y)/(�
X�

Y)

3

Figure A.8: Distribution of the relative number of muons for proton showers at
1019 eV and an inclination of 67 � in 1-D simulations with Conex . The number
of muons at ground Nµ is defined all muons with E > 1 GeV arriving at the ob-
servation level at 1400 m (atmospheric depth of 2240 g/cm2). Nprod.

µ is defined
as all muons with E > 1 GeV that were produced up to the observation level.

Table B.2: Values of muon production parameters for di↵erent hadronic inter-
action models. Except � all parameters are for proton showers at E = 1019 eV
and zenith angle of 67�. The EM contribution to muon production � is defined
by fitting Nµ = ! (↵1+�). Here � and ! are free parameters. Interaction models
are Epos-lhc (Epo), Sibyll 2.3c (Sib) and QGSjet II-04 (QGS). Model average
(x̄) and spread (�(x)) are shown in the last column.

Epo Sib QGS x̄ (�(x))

hln Nµi 16.63 16.63 16.60 16.62 (0.01)

�(Nµ)/hNµi 0.155 0.166 0.138 0.153 (0.012)

h↵1i 0.950 0.953 0.969 0.957 (0.008)

�(↵1) 0.146 0.152 0.122 0.14 (0.01)

� 0.927 0.928 0.925 0.931 (0.002)

� 0.163 0.157 0.161 0.160 (0.003)

Appendix B. Shower-to-shower fluctuations in the muon
content: hadronic interaction models

In general we find that the results for proton showers are very
similar between the interaction models. In Tab. B.2 the first two
moments of ↵1 and Nµ are compared between air shower sim-
ulations for proton primaries with the di↵erent post-LHC inter-
action models. The slope of the average number of muons �
and the contribution to muon production from the EM cascade,
�, are shown as well. In Fig. B.9 the correlation between Nµ
and ↵1 in proton showers is shown for the interaction models
Sibyll 2.3c and QGSjet II-04 (Epos-lhc is shown in Fig. 2).

Table C.3: Correlation coe�cients ⇢X,Y for di↵erent variables of the first in-
teractions with the number of muons at ground and at production in proton
induced air showers.

Nµ (Nprod
µ )

Epos-lhc Sibyll 2.3c QGSjet II-04

↵1 0.79 (0.82) 0.76 (0.78) 0.75 (0.78)

Ehad/E 0.67 (0.66) 0.67 (0.66) 0.53 (0.52)

m1 0.15 (0.21) 0.17 (0.22) 0.22 (0.27)

inel �0.15 (�0.08) �0.11 (�0.07) �0.04 (0.00)

m1/mtot 0.16 (0.18) 0.12 (0.13) 0.19 (0.18)

X0 0.23 (0.12) 0.21 (0.12) 0.28 (0.19)

✏⇤ �0.01 (�0.08) �0.12 (�0.17) �0.09 (�0.14)

Appendix C. Shower-to-shower fluctuations in the muon
content: variables of hadronic interactions

Defining the correlation coe�cient ⇢X,Y =
cov(X,Y)/(�X�Y ), Tab. C.3 shows the correlation of dif-
ferent variables of the first interactions with the number of
muons at ground and at production. The statistical uncertainty
of the correlation coe�cient is given by

p
(1 � ⇢2)/(N � 2) and

is in the range of 0.02 � 0.04 accross variables and interaction
models. The sample size was 103 and the simulations were
done with Corsika .

The variables presented are: the hadronic multiplicity in the
first interaction m1, the total multiplicity mtot and the fraction
of energy carried by all hadrons Ehad/E. A variable mixing in-
formation from multiplicity and the hadronic energy fraction is
realized by ↵1. It is defined as ↵1 =

Pm1
i=1 x�i , where � is the slope

of the energy dependence of the average number of muons (see
Tab. B.2) and xi is the fraction of energy Ei/E carried by hadron
i. The fraction of energy carried by the leading hadron relative
to the total energy in the hadronic cascade Ehad is denoted by
✏⇤. The inelasticity, i.e. the fraction of the primary energy that
is carried by all other hadrons except the leading one is inel.
The depth of the first interaction is X0.

Appendix D. Shower-to-shower fluctuations in the muon
content: comparison of ↵1 and Ehad/E

The modified energy fraction ↵1 contains more information
on particle production and therefore exhibits a stronger corre-
lation with muon production than the pure energy fraction of
hadrons Ehad/E =

Pm
i xi. On the other hand Ehad/E is strictly

constrained to the interval between 0 and 1 by energy conserva-
tion, while ↵1 is only constrained by the multiplicity. Given
a maximal multiplicity mmax and assuming energy is shared
equally (xi = 1/mmax), the maximum of ↵1 is

↵max =

mmaxX

i

x�i =
mmaxX

i

 
1

mmax

! �
= m1��

max . (D.1)
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Correlation	with	the	1st	interaction	(shower	
to	shower)



Nµ Fluctuations

�(↵i) /
1

p
m1 ·m2 · ... ·mi�1
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FIG. 7. Search for detector ageing e↵ects. Shown are results of the unfolding method applied to subsets of the data, which are
split according to area-over-peak (AoP), average tank age (Tage), event time in years since 2004, and by fluorescence detector
building (LL = Los Leones, CO = Coihueco, LM = Los Morados, LA = Loma Amarilla). The original data (open squares)
shows hints of a drift, most visibible in average tank age. We fit the drift (red line with error band) and correct by it, and
apply the unfolding again to the corrected subsets (black circles). The correction also removes hints of drifts in AoP and age
of the experiment, and introduce a slight displacement for events recorded by Los Leones. The P-values indicate the chance
probability to find such deviations if the truth is a constant (dotted line) in the corrected data set.

FIG. 8. Result of the unfolding method applied to disjunct subsets of the data, split by zenith angle ✓ and azimuth angle �.
The results are displayed in the same style as Fig. 7. Only the corrected data set is shown since the correction has no significant
e↵ect on these splits.

generations i of the shower as

✓
�(Nµ)

Nµ

◆2

'
✓

�(↵1)

↵1

◆2

+

✓
�(↵2)

↵2

◆2

+ ... +

✓
�(↵c)

↵c

◆2

(16)
As the energy fraction at generation i is the result of
averaging the energy fraction of preceding m1 · m2 ·

... · mi�1 reactions within the shower, the fluctuations510

exponentially decrease with the generation number as
�(↵i) / 1/

p
m1 · m2 · ... · mi�1, and thus Nµ fluctuations

are dominated by the fluctuations in the 1st interaction
[30] (for instance, in p-Air interactions ⇠ 70% of the vari-
ance is due to the first interaction) . This picture can be515

easily generalized for the case of nuclear primaries: bycarries	70%	of	the	fluctuations	for	protons!!!	

�(↵1) /
1p
A
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The	PMT	analogy

29

• An	exotic	model	that	saturates	
• for	instance	no	π0 decay,	or	no	π0 production

• Would	result	in
• muon	fluctuations	will	be	suppressed	and	dominated	by	2nd 3rd interactions	(~	4%	5%)29
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𝜎(Nµ)/< Nµ	>	first	experimental	results
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Fluctuations of	partition	of	
energy	in	the	1st interaction	are	
well	described	by	models.
Large	deviations	of	<	f1 >	are	
disfavored.

F.	Rienh PoS(ICRC2019)404



Discussion

• The	muon	deficit	can	be	fixed	by	a	smooth	increment	of	hadronic	
fraction	(f)	over	several	generations

Nµ / (f + �f)c
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(1 + 0.05)6 ' 1.30
<latexit sha1_base64="QEBhj6dSn56IlSHeqKzlV/JCAWw=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARKsIw8b0sunFZwT6gHUsmzbShycyYZIQy1I2/4saFIm79C3f+jWk7C209cOFwzr3ce48fc6a0635bubn5hcWl/HJhZXVtfcPe3KqpKJGEVknEI9nwsaKchbSqmea0EUuKhc9p3e9fjfz6A5WKReGtHsTUE7gbsoARrI3UtncgLKFD13FPD+7OYEsxQe8hco7dtl006hhwlqCMFEGGStv+anUikggaasKxUk3kxtpLsdSMcDostBJFY0z6uEubhoZYUOWl4w+GcN8oHRhE0lSo4Vj9PZFiodRA+KZTYN1T095I/M9rJjq48FIWxommIZksChIOdQRHccAOk5RoPjAEE8nMrZD0sMREm9AKJgQ0/fIsqR05yHXQzUmxfJnFkQe7YA+UAALnoAyuQQVUAQGP4Bm8gjfryXqx3q2PSWvOyma2wR9Ynz/wUJNc</latexit><latexit sha1_base64="QEBhj6dSn56IlSHeqKzlV/JCAWw=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARKsIw8b0sunFZwT6gHUsmzbShycyYZIQy1I2/4saFIm79C3f+jWk7C209cOFwzr3ce48fc6a0635bubn5hcWl/HJhZXVtfcPe3KqpKJGEVknEI9nwsaKchbSqmea0EUuKhc9p3e9fjfz6A5WKReGtHsTUE7gbsoARrI3UtncgLKFD13FPD+7OYEsxQe8hco7dtl006hhwlqCMFEGGStv+anUikggaasKxUk3kxtpLsdSMcDostBJFY0z6uEubhoZYUOWl4w+GcN8oHRhE0lSo4Vj9PZFiodRA+KZTYN1T095I/M9rJjq48FIWxommIZksChIOdQRHccAOk5RoPjAEE8nMrZD0sMREm9AKJgQ0/fIsqR05yHXQzUmxfJnFkQe7YA+UAALnoAyuQQVUAQGP4Bm8gjfryXqx3q2PSWvOyma2wR9Ynz/wUJNc</latexit><latexit sha1_base64="QEBhj6dSn56IlSHeqKzlV/JCAWw=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARKsIw8b0sunFZwT6gHUsmzbShycyYZIQy1I2/4saFIm79C3f+jWk7C209cOFwzr3ce48fc6a0635bubn5hcWl/HJhZXVtfcPe3KqpKJGEVknEI9nwsaKchbSqmea0EUuKhc9p3e9fjfz6A5WKReGtHsTUE7gbsoARrI3UtncgLKFD13FPD+7OYEsxQe8hco7dtl006hhwlqCMFEGGStv+anUikggaasKxUk3kxtpLsdSMcDostBJFY0z6uEubhoZYUOWl4w+GcN8oHRhE0lSo4Vj9PZFiodRA+KZTYN1T095I/M9rJjq48FIWxommIZksChIOdQRHccAOk5RoPjAEE8nMrZD0sMREm9AKJgQ0/fIsqR05yHXQzUmxfJnFkQe7YA+UAALnoAyuQQVUAQGP4Bm8gjfryXqx3q2PSWvOyma2wR9Ynz/wUJNc</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="WiFVV9CceXACoMPdjwA/hSxURhY=">AAAB9nicbZBLSwMxFIXv1FetVUdXgptgESpCmVF8LAU3LivYB7RjyaSZNjTJjElGKEPd+FfcuFDEn+LOf2P6WGjrgcDHOQk394QJZ9p43reTW1peWV3Lrxc2iptb2+5Osa7jVBFaIzGPVTPEmnImac0ww2kzURSLkNNGOLge541HqjSL5Z0ZJjQQuCdZxAg21uq4ewiV/WOv4p0d3Z+jtmaCPiC/cup13JJ1J0KL4M+gBDNVO+5XuxuTVFBpCMdat3wvMUGGlWGE01GhnWqaYDLAPdqyKLGgOsgmG4zQoXW6KIqVPdKgifv7RYaF1kMR2psCm76ez8bmf1krNdFlkDGZpIZKMh0UpRyZGI3rQF2mKDF8aAETxexfEeljhYmxpRVsCf78yotQP6n4XsW/9SAP+3AAZfDhAq7gBqpQAwJP8AJv8O48O6/Ox7SunDPrbRf+yPn8AZoIkfA=</latexit><latexit sha1_base64="WiFVV9CceXACoMPdjwA/hSxURhY=">AAAB9nicbZBLSwMxFIXv1FetVUdXgptgESpCmVF8LAU3LivYB7RjyaSZNjTJjElGKEPd+FfcuFDEn+LOf2P6WGjrgcDHOQk394QJZ9p43reTW1peWV3Lrxc2iptb2+5Osa7jVBFaIzGPVTPEmnImac0ww2kzURSLkNNGOLge541HqjSL5Z0ZJjQQuCdZxAg21uq4ewiV/WOv4p0d3Z+jtmaCPiC/cup13JJ1J0KL4M+gBDNVO+5XuxuTVFBpCMdat3wvMUGGlWGE01GhnWqaYDLAPdqyKLGgOsgmG4zQoXW6KIqVPdKgifv7RYaF1kMR2psCm76ez8bmf1krNdFlkDGZpIZKMh0UpRyZGI3rQF2mKDF8aAETxexfEeljhYmxpRVsCf78yotQP6n4XsW/9SAP+3AAZfDhAq7gBqpQAwJP8AJv8O48O6/Ox7SunDPrbRf+yPn8AZoIkfA=</latexit><latexit sha1_base64="Fs0dpIy8MkJU4rcEpUDhDlm06vY=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARKkKZKD6WRTcuK9gHtGPJpJk2NMmMSUYoQ934K25cKOLWv3Dn35i2s9DqgQuHc+7l3nuCmDNtPO/Lyc3NLywu5ZcLK6tr6xvu5lZdR4kitEYiHqlmgDXlTNKaYYbTZqwoFgGnjWBwOfYb91RpFskbM4ypL3BPspARbKzUcXcgLKFDr+ydHNyewrZmgt5BVD72Om7RqhPAvwRlpAgyVDvuZ7sbkURQaQjHWreQFxs/xcowwumo0E40jTEZ4B5tWSqxoNpPJx+M4L5VujCMlC1p4ET9OZFiofVQBLZTYNPXs95Y/M9rJSY891Mm48RQSaaLwoRDE8FxHLDLFCWGDy3BRDF7KyR9rDAxNrSCDQHNvvyX1I/KyCuja69YucjiyINdsAdKAIEzUAFXoApqgIAH8ARewKvz6Dw7b877tDXnZDPb4Becj2/vEJNY</latexit><latexit sha1_base64="QEBhj6dSn56IlSHeqKzlV/JCAWw=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARKsIw8b0sunFZwT6gHUsmzbShycyYZIQy1I2/4saFIm79C3f+jWk7C209cOFwzr3ce48fc6a0635bubn5hcWl/HJhZXVtfcPe3KqpKJGEVknEI9nwsaKchbSqmea0EUuKhc9p3e9fjfz6A5WKReGtHsTUE7gbsoARrI3UtncgLKFD13FPD+7OYEsxQe8hco7dtl006hhwlqCMFEGGStv+anUikggaasKxUk3kxtpLsdSMcDostBJFY0z6uEubhoZYUOWl4w+GcN8oHRhE0lSo4Vj9PZFiodRA+KZTYN1T095I/M9rJjq48FIWxommIZksChIOdQRHccAOk5RoPjAEE8nMrZD0sMREm9AKJgQ0/fIsqR05yHXQzUmxfJnFkQe7YA+UAALnoAyuQQVUAQGP4Bm8gjfryXqx3q2PSWvOyma2wR9Ynz/wUJNc</latexit><latexit sha1_base64="QEBhj6dSn56IlSHeqKzlV/JCAWw=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARKsIw8b0sunFZwT6gHUsmzbShycyYZIQy1I2/4saFIm79C3f+jWk7C209cOFwzr3ce48fc6a0635bubn5hcWl/HJhZXVtfcPe3KqpKJGEVknEI9nwsaKchbSqmea0EUuKhc9p3e9fjfz6A5WKReGtHsTUE7gbsoARrI3UtncgLKFD13FPD+7OYEsxQe8hco7dtl006hhwlqCMFEGGStv+anUikggaasKxUk3kxtpLsdSMcDostBJFY0z6uEubhoZYUOWl4w+GcN8oHRhE0lSo4Vj9PZFiodRA+KZTYN1T095I/M9rJjq48FIWxommIZksChIOdQRHccAOk5RoPjAEE8nMrZD0sMREm9AKJgQ0/fIsqR05yHXQzUmxfJnFkQe7YA+UAALnoAyuQQVUAQGP4Bm8gjfryXqx3q2PSWvOyma2wR9Ynz/wUJNc</latexit><latexit sha1_base64="QEBhj6dSn56IlSHeqKzlV/JCAWw=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARKsIw8b0sunFZwT6gHUsmzbShycyYZIQy1I2/4saFIm79C3f+jWk7C209cOFwzr3ce48fc6a0635bubn5hcWl/HJhZXVtfcPe3KqpKJGEVknEI9nwsaKchbSqmea0EUuKhc9p3e9fjfz6A5WKReGtHsTUE7gbsoARrI3UtncgLKFD13FPD+7OYEsxQe8hco7dtl006hhwlqCMFEGGStv+anUikggaasKxUk3kxtpLsdSMcDostBJFY0z6uEubhoZYUOWl4w+GcN8oHRhE0lSo4Vj9PZFiodRA+KZTYN1T095I/M9rJjq48FIWxommIZksChIOdQRHccAOk5RoPjAEE8nMrZD0sMREm9AKJgQ0/fIsqR05yHXQzUmxfJnFkQe7YA+UAALnoAyuQQVUAQGP4Bm8gjfryXqx3q2PSWvOyma2wR9Ynz/wUJNc</latexit><latexit sha1_base64="QEBhj6dSn56IlSHeqKzlV/JCAWw=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARKsIw8b0sunFZwT6gHUsmzbShycyYZIQy1I2/4saFIm79C3f+jWk7C209cOFwzr3ce48fc6a0635bubn5hcWl/HJhZXVtfcPe3KqpKJGEVknEI9nwsaKchbSqmea0EUuKhc9p3e9fjfz6A5WKReGtHsTUE7gbsoARrI3UtncgLKFD13FPD+7OYEsxQe8hco7dtl006hhwlqCMFEGGStv+anUikggaasKxUk3kxtpLsdSMcDostBJFY0z6uEubhoZYUOWl4w+GcN8oHRhE0lSo4Vj9PZFiodRA+KZTYN1T095I/M9rJjq48FIWxommIZksChIOdQRHccAOk5RoPjAEE8nMrZD0sMREm9AKJgQ0/fIsqR05yHXQzUmxfJnFkQe7YA+UAALnoAyuQQVUAQGP4Bm8gjfryXqx3q2PSWvOyma2wR9Ynz/wUJNc</latexit><latexit sha1_base64="QEBhj6dSn56IlSHeqKzlV/JCAWw=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARKsIw8b0sunFZwT6gHUsmzbShycyYZIQy1I2/4saFIm79C3f+jWk7C209cOFwzr3ce48fc6a0635bubn5hcWl/HJhZXVtfcPe3KqpKJGEVknEI9nwsaKchbSqmea0EUuKhc9p3e9fjfz6A5WKReGtHsTUE7gbsoARrI3UtncgLKFD13FPD+7OYEsxQe8hco7dtl006hhwlqCMFEGGStv+anUikggaasKxUk3kxtpLsdSMcDostBJFY0z6uEubhoZYUOWl4w+GcN8oHRhE0lSo4Vj9PZFiodRA+KZTYN1T095I/M9rJjq48FIWxommIZksChIOdQRHccAOk5RoPjAEE8nMrZD0sMREm9AKJgQ0/fIsqR05yHXQzUmxfJnFkQe7YA+UAALnoAyuQQVUAQGP4Bm8gjfryXqx3q2PSWvOyma2wR9Ynz/wUJNc</latexit><latexit sha1_base64="QEBhj6dSn56IlSHeqKzlV/JCAWw=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARKsIw8b0sunFZwT6gHUsmzbShycyYZIQy1I2/4saFIm79C3f+jWk7C209cOFwzr3ce48fc6a0635bubn5hcWl/HJhZXVtfcPe3KqpKJGEVknEI9nwsaKchbSqmea0EUuKhc9p3e9fjfz6A5WKReGtHsTUE7gbsoARrI3UtncgLKFD13FPD+7OYEsxQe8hco7dtl006hhwlqCMFEGGStv+anUikggaasKxUk3kxtpLsdSMcDostBJFY0z6uEubhoZYUOWl4w+GcN8oHRhE0lSo4Vj9PZFiodRA+KZTYN1T095I/M9rJjq48FIWxommIZksChIOdQRHccAOk5RoPjAEE8nMrZD0sMREm9AKJgQ0/fIsqR05yHXQzUmxfJnFkQe7YA+UAALnoAyuQQVUAQGP4Bm8gjfryXqx3q2PSWvOyma2wR9Ynz/wUJNc</latexit>
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S.	Baur et	al.	arXiv:	1902.09265
T.	Pierog et	al.	PoS(ICRC2019)387
H.	Dembinski et	al.	PoS(ICRC2019)235



π0	production	spectrum	in	p-Air
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Low	Nµ tail	is	a	direct	consequence	of	inclusive	π0

production	cross	section	at	large	xL

R.	Conceição PoS(ICRC2019)226

The	technique	resembles	the	other	direct	measurement	
on	the	1st interaction:	p-Air	cross	section



Models	to	solve	the	muon	puzzle:
String	percolation astro.ph:1209.6474
Strange	Fireball PRD	95(2017)	06005
Chiral	Symmetry	Restoration EPJ	Web	Conf.	53(2013)	07007
Quark	Gluon	Plasma	 PoS(ICRC2017)387
Lorentz	Invariance	Violation Phys.	Rev.	D	59,	116008	(1999)

⇤µ
<latexit sha1_base64="1odRAg9F1aFdgonhRPaoBzdtcl4=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl048JFBfuAJJTJZNIOnUeYmQgl9DPcuFDErV/jzr9x2mahrQcGDuecy9x74oxRbTzv26msrW9sblW3azu7e/sH9cOjrpa5wqSDJZOqHyNNGBWkY6hhpJ8pgnjMSC8e38783hNRmkrxaCYZiTgaCppSjIyVgvDeRhM0CHk+qDe8pjeHu0r8kjSgRHtQ/woTiXNOhMEMaR34XmaiAilDMSPTWphrkiE8RkMSWCoQJzoq5itP3TOrJG4qlX3CuHP190SBuNYTHtskR2akl72Z+J8X5Ca9jgoqstwQgRcfpTlzjXRn97sJVQQbNrEEYUXtri4eIYWwsS3VbAn+8smrpHvR9L2m/3DZaN2UdVThBE7hHHy4ghbcQRs6gEHCM7zCm2OcF+fd+VhEK045cwx/4Hz+AB5IkSI=</latexit><latexit sha1_base64="1odRAg9F1aFdgonhRPaoBzdtcl4=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl048JFBfuAJJTJZNIOnUeYmQgl9DPcuFDErV/jzr9x2mahrQcGDuecy9x74oxRbTzv26msrW9sblW3azu7e/sH9cOjrpa5wqSDJZOqHyNNGBWkY6hhpJ8pgnjMSC8e38783hNRmkrxaCYZiTgaCppSjIyVgvDeRhM0CHk+qDe8pjeHu0r8kjSgRHtQ/woTiXNOhMEMaR34XmaiAilDMSPTWphrkiE8RkMSWCoQJzoq5itP3TOrJG4qlX3CuHP190SBuNYTHtskR2akl72Z+J8X5Ca9jgoqstwQgRcfpTlzjXRn97sJVQQbNrEEYUXtri4eIYWwsS3VbAn+8smrpHvR9L2m/3DZaN2UdVThBE7hHHy4ghbcQRs6gEHCM7zCm2OcF+fd+VhEK045cwx/4Hz+AB5IkSI=</latexit><latexit sha1_base64="1odRAg9F1aFdgonhRPaoBzdtcl4=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl048JFBfuAJJTJZNIOnUeYmQgl9DPcuFDErV/jzr9x2mahrQcGDuecy9x74oxRbTzv26msrW9sblW3azu7e/sH9cOjrpa5wqSDJZOqHyNNGBWkY6hhpJ8pgnjMSC8e38783hNRmkrxaCYZiTgaCppSjIyVgvDeRhM0CHk+qDe8pjeHu0r8kjSgRHtQ/woTiXNOhMEMaR34XmaiAilDMSPTWphrkiE8RkMSWCoQJzoq5itP3TOrJG4qlX3CuHP190SBuNYTHtskR2akl72Z+J8X5Ca9jgoqstwQgRcfpTlzjXRn97sJVQQbNrEEYUXtri4eIYWwsS3VbAn+8smrpHvR9L2m/3DZaN2UdVThBE7hHHy4ghbcQRs6gEHCM7zCm2OcF+fd+VhEK045cwx/4Hz+AB5IkSI=</latexit><latexit sha1_base64="1odRAg9F1aFdgonhRPaoBzdtcl4=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl048JFBfuAJJTJZNIOnUeYmQgl9DPcuFDErV/jzr9x2mahrQcGDuecy9x74oxRbTzv26msrW9sblW3azu7e/sH9cOjrpa5wqSDJZOqHyNNGBWkY6hhpJ8pgnjMSC8e38783hNRmkrxaCYZiTgaCppSjIyVgvDeRhM0CHk+qDe8pjeHu0r8kjSgRHtQ/woTiXNOhMEMaR34XmaiAilDMSPTWphrkiE8RkMSWCoQJzoq5itP3TOrJG4qlX3CuHP190SBuNYTHtskR2akl72Z+J8X5Ca9jgoqstwQgRcfpTlzjXRn97sJVQQbNrEEYUXtri4eIYWwsS3VbAn+8smrpHvR9L2m/3DZaN2UdVThBE7hHHy4ghbcQRs6gEHCM7zCm2OcF+fd+VhEK045cwx/4Hz+AB5IkSI=</latexit>

Nµ
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Apart	from	<	Nµ >,	need	to	be	
compatible	with	the	other	moments:
<	Nµ >,					𝜎(Nµ),						𝜦(Nµ),
<Xmax>, 𝜎(Xmax ),		𝜦(Xmax )
<Xµmax>,	 𝜎(Xµmax ),	𝜦(Xµmax )
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Conclusions

• Important	differences	in	model	extrapolations	from	LHC	p-p	collisions	to		p-
Air	and	π-Air	

• p-O	is	being	proposed	for	next	LHC	phase	
• Xµmax is	sensitive	to	the	cascading	velocity

• π-Air	diffraction,	baryon	production,	meson	E-spectrum.
• Nµ is	sensitive	to	cascade	gain/growth

• Large	departure	from	expectations	on	UHECR-Air	interactions	are	disfavored	
by	𝜎(Nµ)	measurement.	

• <	Nµ >	mismatch	likely	explained	by	small	cumulative	deviations	of	fraction	of	
energy	into	hadrons	f	+	∂f.

• There	are	new	opportunities	for	direct	measurements	on	the	1st p-Air	
interactions	through	low-Nµ	tail	𝜦(Nµ),.
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Thanks!
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CMS: p-p 13 TeV

CMS: p-Pb 8.16 TeV

LHCb: p-p 7 TeV
ALICE: Xe-Xe 5.44 TeV Preliminary

ATLAS: Pb-Pb 2.76 TeV
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Quick	list	of	experiments
Figure 6: Illustrative examples of the interdependence of the number of muons measurement
with the energy. Left: in SD-only events the number of muons and the the energy have the same
estimator and therefore are strongly correlated (black arrow). Right: in golden-hybrid events the
estimators for the energy and the number of muons are different, their fluctuations are independent
from one another (yellow and green arrows).

Figure 7: Illustrative example of how the energy resolution impacts the distributions of the
number of muons. The gray dots represent the ideal case with no uncertainty on the FD energy;
the corresponding distribution on Nµ is depicted as the black gaussian on the left. Considering a
finite resolution the gray dots would fluctuate as represented by the red dots. The distribution of
Nµ thus obtained has a larger RMS as represented by the red gaussian on the left.
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Probing High-Energy Hadronic Interaction with EAS (DRAFT) Lorenzo Cazon

On the other hand, a large single deviation from expectations (d f ' 0.3�0.6) would be most
likely to occur at the first generation, which is the one farthest away from the reach of accelerator
experiments, with less direct experimental constraints. A change of the multi-particle production
of the 1st interaction with energy results in a change to f1. The relation dlnNµ

dlnE = b then becomes
dlnNµ
dlnE = dln f1

d lnE + b . Hence, a sudden change of f1 would produce a change in logarithmic slope.
The continuous and smooth deviation of simulations with respect to data from low energies [21],
supports the hypothesis of a small cumulative, generation after generation, effect rather than a
sudden change.

Figure 11: Left: Measurement of the fluctuation of the number of muons by Auger, compared to expecta-
tions from composition measurements (Xmax). Right: Impact of changes of the hadron multiplicity Nmult ⌘ m
(dashed lines) and the energy ratio R ⌘ fEM

f (dotted lines) in collisions at the LHC energy of
p

s =13 TeV on
EPOS-LHC predictions for the air shower observables Xmax and hlnNµi in 1019 eV air showers. Data point
is from Pierre Auger Observatory [29]. The model lines represent all CR-primary mixture from pure proton
(bottom right) to pure iron (top left). The dashed and dotted lines represent modifications of Nmult and R in
steps of 10% from their nominal values.

In [17], a variable of the 1st interaction that combines the multiplicity and energy taken by the
particles feeding the hadronic cascade was defined as

a =
m

Â(E j/E0)
b (4.1)

where the index j runs over all particles contributing to the hadronic cascade and b ' 0.9. The
correlation of a1 of the first interaction with the number of muons of the shower is 75%, whereas
the correlation with f1 is slightly smaller, 65%, due to the diffractive events. For most practical
applications one can simply take a1 ' f1. The relative fluctuations of Nµ can be expressed by a
quadratic sum of the relative fluctuations of an in the different generations n
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where s(an) µ 1/
pm1 ·m2 · ... ·mn�1, which clearly decreases as the generation number gets higher.

As a result the relative fluctuations of Nµ are dominated by the fluctuations of a1 in the 1st inter-
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<latexit sha1_base64="6XXvIHwtZbW7JZivDhMYfUbH/zY=">AAACDnicbVDLSgMxFM34rPVVdekmWAquyowIuhGKblxWsA/oDEMmzbShSWZI7ghlmC9w46+4caGIW9fu/BvTx0JbD4QczrmX5JwoFdyA6347K6tr6xubpa3y9s7u3n7l4LBtkkxT1qKJSHQ3IoYJrlgLOAjWTTUjMhKsE41uJn7ngWnDE3UP45QFkgwUjzklYKWwUvMjBgRfYT/WhOa+UFgWsyvMfS0xJFAUYaXq1t0p8DLx5qSK5miGlS+/n9BMMgVUEGN6nptCkBMNnApWlP3MsJTQERmwnqWKSGaCfBqnwDWr9HGcaHsU4Kn6eyMn0pixjOykJDA0i95E/M/rZRBfBjlXaQZM0dlDcSZsRjzpBve5ZhTE2BJCNbd/xXRIbC9gGyzbErzFyMukfVb33Lp3d15tXM/rKKFjdIJOkYcuUAPdoiZqIYoe0TN6RW/Ok/PivDsfs9EVZ75zhP7A+fwB6tKcCQ==</latexit><latexit sha1_base64="6XXvIHwtZbW7JZivDhMYfUbH/zY=">AAACDnicbVDLSgMxFM34rPVVdekmWAquyowIuhGKblxWsA/oDEMmzbShSWZI7ghlmC9w46+4caGIW9fu/BvTx0JbD4QczrmX5JwoFdyA6347K6tr6xubpa3y9s7u3n7l4LBtkkxT1qKJSHQ3IoYJrlgLOAjWTTUjMhKsE41uJn7ngWnDE3UP45QFkgwUjzklYKWwUvMjBgRfYT/WhOa+UFgWsyvMfS0xJFAUYaXq1t0p8DLx5qSK5miGlS+/n9BMMgVUEGN6nptCkBMNnApWlP3MsJTQERmwnqWKSGaCfBqnwDWr9HGcaHsU4Kn6eyMn0pixjOykJDA0i95E/M/rZRBfBjlXaQZM0dlDcSZsRjzpBve5ZhTE2BJCNbd/xXRIbC9gGyzbErzFyMukfVb33Lp3d15tXM/rKKFjdIJOkYcuUAPdoiZqIYoe0TN6RW/Ok/PivDsfs9EVZ75zhP7A+fwB6tKcCQ==</latexit><latexit sha1_base64="6XXvIHwtZbW7JZivDhMYfUbH/zY=">AAACDnicbVDLSgMxFM34rPVVdekmWAquyowIuhGKblxWsA/oDEMmzbShSWZI7ghlmC9w46+4caGIW9fu/BvTx0JbD4QczrmX5JwoFdyA6347K6tr6xubpa3y9s7u3n7l4LBtkkxT1qKJSHQ3IoYJrlgLOAjWTTUjMhKsE41uJn7ngWnDE3UP45QFkgwUjzklYKWwUvMjBgRfYT/WhOa+UFgWsyvMfS0xJFAUYaXq1t0p8DLx5qSK5miGlS+/n9BMMgVUEGN6nptCkBMNnApWlP3MsJTQERmwnqWKSGaCfBqnwDWr9HGcaHsU4Kn6eyMn0pixjOykJDA0i95E/M/rZRBfBjlXaQZM0dlDcSZsRjzpBve5ZhTE2BJCNbd/xXRIbC9gGyzbErzFyMukfVb33Lp3d15tXM/rKKFjdIJOkYcuUAPdoiZqIYoe0TN6RW/Ok/PivDsfs9EVZ75zhP7A+fwB6tKcCQ==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="A7kuj5lLOOLDT87hgSBj81tRRvA=">AAACA3icbZDLSgMxGIX/8Vpr1erWTbAUXJUZN7oRBDcuK9gLdErJpJk2NMkMyT9CGeYJ3Pgqblwo4ju4821MLwtt/SHkcE5Ccr4olcKi7397G5tb2zu7pb3yfuXg8Kh6XGnbJDOMt1giE9ONqOVSaN5CgZJ3U8OpiiTvRJPbWd555MaKRD/gNOV9RUdaxIJRdNagWg8jjpRckzA2lOWh1EQVi22Qh0YRTLAoBtWa3/DnQ9ZFsBQ1WE5zUP0KhwnLFNfIJLW2F/gp9nNqUDDJi3KYWZ5SNqEj3nNSU8VtP5/XKUjdOUMSJ8YtjWTu/r6RU2XtVEXupKI4tqvZzPwv62UYX/VzodMMuWaLh+JMuo5kxoYMheEM5dQJyoxwfyVsTB0XdATLDkKwWnldtC8agd8I7n0owSmcwTkEcAk3cAdNaAGDJ3iBN3j3nr1X72OBa8NbcjuBP+N9/gA3cZqQ</latexit><latexit sha1_base64="A7kuj5lLOOLDT87hgSBj81tRRvA=">AAACA3icbZDLSgMxGIX/8Vpr1erWTbAUXJUZN7oRBDcuK9gLdErJpJk2NMkMyT9CGeYJ3Pgqblwo4ju4821MLwtt/SHkcE5Ccr4olcKi7397G5tb2zu7pb3yfuXg8Kh6XGnbJDOMt1giE9ONqOVSaN5CgZJ3U8OpiiTvRJPbWd555MaKRD/gNOV9RUdaxIJRdNagWg8jjpRckzA2lOWh1EQVi22Qh0YRTLAoBtWa3/DnQ9ZFsBQ1WE5zUP0KhwnLFNfIJLW2F/gp9nNqUDDJi3KYWZ5SNqEj3nNSU8VtP5/XKUjdOUMSJ8YtjWTu/r6RU2XtVEXupKI4tqvZzPwv62UYX/VzodMMuWaLh+JMuo5kxoYMheEM5dQJyoxwfyVsTB0XdATLDkKwWnldtC8agd8I7n0owSmcwTkEcAk3cAdNaAGDJ3iBN3j3nr1X72OBa8NbcjuBP+N9/gA3cZqQ</latexit><latexit sha1_base64="Ux1t+Fi183EEN3Ytot4jjugcG4w=">AAACDnicbVC7TsMwFHXKq5RXgZHFoqrEVCUssCBVsDAWiT6kJooc12mt2k5k3yBVUb6AhV9hYQAhVmY2/gb3MUDLkSwfnXOv7HOiVHADrvvtlNbWNza3ytuVnd29/YPq4VHHJJmmrE0TkeheRAwTXLE2cBCsl2pGZCRYNxrfTP3uA9OGJ+oeJikLJBkqHnNKwEphte5HDAi+wn6sCc19obAs5leY+1piSKAowmrNbbgz4FXiLUgNLdAKq1/+IKGZZAqoIMb0PTeFICcaOBWsqPiZYSmhYzJkfUsVkcwE+SxOgetWGeA40fYowDP190ZOpDETGdlJSWBklr2p+J/XzyC+DHKu0gyYovOH4kzYjHjaDR5wzSiIiSWEam7/iumI2F7ANlixJXjLkVdJ57zhuQ3vzq01rxd1lNEJOkVnyEMXqIluUQu1EUWP6Bm9ojfnyXlx3p2P+WjJWewcoz9wPn8A6ZKcBQ==</latexit><latexit sha1_base64="6XXvIHwtZbW7JZivDhMYfUbH/zY=">AAACDnicbVDLSgMxFM34rPVVdekmWAquyowIuhGKblxWsA/oDEMmzbShSWZI7ghlmC9w46+4caGIW9fu/BvTx0JbD4QczrmX5JwoFdyA6347K6tr6xubpa3y9s7u3n7l4LBtkkxT1qKJSHQ3IoYJrlgLOAjWTTUjMhKsE41uJn7ngWnDE3UP45QFkgwUjzklYKWwUvMjBgRfYT/WhOa+UFgWsyvMfS0xJFAUYaXq1t0p8DLx5qSK5miGlS+/n9BMMgVUEGN6nptCkBMNnApWlP3MsJTQERmwnqWKSGaCfBqnwDWr9HGcaHsU4Kn6eyMn0pixjOykJDA0i95E/M/rZRBfBjlXaQZM0dlDcSZsRjzpBve5ZhTE2BJCNbd/xXRIbC9gGyzbErzFyMukfVb33Lp3d15tXM/rKKFjdIJOkYcuUAPdoiZqIYoe0TN6RW/Ok/PivDsfs9EVZ75zhP7A+fwB6tKcCQ==</latexit><latexit sha1_base64="6XXvIHwtZbW7JZivDhMYfUbH/zY=">AAACDnicbVDLSgMxFM34rPVVdekmWAquyowIuhGKblxWsA/oDEMmzbShSWZI7ghlmC9w46+4caGIW9fu/BvTx0JbD4QczrmX5JwoFdyA6347K6tr6xubpa3y9s7u3n7l4LBtkkxT1qKJSHQ3IoYJrlgLOAjWTTUjMhKsE41uJn7ngWnDE3UP45QFkgwUjzklYKWwUvMjBgRfYT/WhOa+UFgWsyvMfS0xJFAUYaXq1t0p8DLx5qSK5miGlS+/n9BMMgVUEGN6nptCkBMNnApWlP3MsJTQERmwnqWKSGaCfBqnwDWr9HGcaHsU4Kn6eyMn0pixjOykJDA0i95E/M/rZRBfBjlXaQZM0dlDcSZsRjzpBve5ZhTE2BJCNbd/xXRIbC9gGyzbErzFyMukfVb33Lp3d15tXM/rKKFjdIJOkYcuUAPdoiZqIYoe0TN6RW/Ok/PivDsfs9EVZ75zhP7A+fwB6tKcCQ==</latexit><latexit sha1_base64="6XXvIHwtZbW7JZivDhMYfUbH/zY=">AAACDnicbVDLSgMxFM34rPVVdekmWAquyowIuhGKblxWsA/oDEMmzbShSWZI7ghlmC9w46+4caGIW9fu/BvTx0JbD4QczrmX5JwoFdyA6347K6tr6xubpa3y9s7u3n7l4LBtkkxT1qKJSHQ3IoYJrlgLOAjWTTUjMhKsE41uJn7ngWnDE3UP45QFkgwUjzklYKWwUvMjBgRfYT/WhOa+UFgWsyvMfS0xJFAUYaXq1t0p8DLx5qSK5miGlS+/n9BMMgVUEGN6nptCkBMNnApWlP3MsJTQERmwnqWKSGaCfBqnwDWr9HGcaHsU4Kn6eyMn0pixjOykJDA0i95E/M/rZRBfBjlXaQZM0dlDcSZsRjzpBve5ZhTE2BJCNbd/xXRIbC9gGyzbErzFyMukfVb33Lp3d15tXM/rKKFjdIJOkYcuUAPdoiZqIYoe0TN6RW/Ok/PivDsfs9EVZ75zhP7A+fwB6tKcCQ==</latexit><latexit sha1_base64="6XXvIHwtZbW7JZivDhMYfUbH/zY=">AAACDnicbVDLSgMxFM34rPVVdekmWAquyowIuhGKblxWsA/oDEMmzbShSWZI7ghlmC9w46+4caGIW9fu/BvTx0JbD4QczrmX5JwoFdyA6347K6tr6xubpa3y9s7u3n7l4LBtkkxT1qKJSHQ3IoYJrlgLOAjWTTUjMhKsE41uJn7ngWnDE3UP45QFkgwUjzklYKWwUvMjBgRfYT/WhOa+UFgWsyvMfS0xJFAUYaXq1t0p8DLx5qSK5miGlS+/n9BMMgVUEGN6nptCkBMNnApWlP3MsJTQERmwnqWKSGaCfBqnwDWr9HGcaHsU4Kn6eyMn0pixjOykJDA0i95E/M/rZRBfBjlXaQZM0dlDcSZsRjzpBve5ZhTE2BJCNbd/xXRIbC9gGyzbErzFyMukfVb33Lp3d15tXM/rKKFjdIJOkYcuUAPdoiZqIYoe0TN6RW/Ok/PivDsfs9EVZ75zhP7A+fwB6tKcCQ==</latexit><latexit sha1_base64="6XXvIHwtZbW7JZivDhMYfUbH/zY=">AAACDnicbVDLSgMxFM34rPVVdekmWAquyowIuhGKblxWsA/oDEMmzbShSWZI7ghlmC9w46+4caGIW9fu/BvTx0JbD4QczrmX5JwoFdyA6347K6tr6xubpa3y9s7u3n7l4LBtkkxT1qKJSHQ3IoYJrlgLOAjWTTUjMhKsE41uJn7ngWnDE3UP45QFkgwUjzklYKWwUvMjBgRfYT/WhOa+UFgWsyvMfS0xJFAUYaXq1t0p8DLx5qSK5miGlS+/n9BMMgVUEGN6nptCkBMNnApWlP3MsJTQERmwnqWKSGaCfBqnwDWr9HGcaHsU4Kn6eyMn0pixjOykJDA0i95E/M/rZRBfBjlXaQZM0dlDcSZsRjzpBve5ZhTE2BJCNbd/xXRIbC9gGyzbErzFyMukfVb33Lp3d15tXM/rKKFjdIJOkYcuUAPdoiZqIYoe0TN6RW/Ok/PivDsfs9EVZ75zhP7A+fwB6tKcCQ==</latexit><latexit sha1_base64="6XXvIHwtZbW7JZivDhMYfUbH/zY=">AAACDnicbVDLSgMxFM34rPVVdekmWAquyowIuhGKblxWsA/oDEMmzbShSWZI7ghlmC9w46+4caGIW9fu/BvTx0JbD4QczrmX5JwoFdyA6347K6tr6xubpa3y9s7u3n7l4LBtkkxT1qKJSHQ3IoYJrlgLOAjWTTUjMhKsE41uJn7ngWnDE3UP45QFkgwUjzklYKWwUvMjBgRfYT/WhOa+UFgWsyvMfS0xJFAUYaXq1t0p8DLx5qSK5miGlS+/n9BMMgVUEGN6nptCkBMNnApWlP3MsJTQERmwnqWKSGaCfBqnwDWr9HGcaHsU4Kn6eyMn0pixjOykJDA0i95E/M/rZRBfBjlXaQZM0dlDcSZsRjzpBve5ZhTE2BJCNbd/xXRIbC9gGyzbErzFyMukfVb33Lp3d15tXM/rKKFjdIJOkYcuUAPdoiZqIYoe0TN6RW/Ok/PivDsfs9EVZ75zhP7A+fwB6tKcCQ==</latexit>



logNµ =
<latexit sha1_base64="Eh3X2p6gw7BJrnDKE4FPnYbLnn8=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxJBfsBTSib7aZdupuNu5tCCf0dXjwo4tUf481/46bNQVsfDDzem2FmXphwpo3rfjsrq2vrG5ulrfL2zu7efuXgsKVlqghtEsml6oRYU85i2jTMcNpJFMUi5LQdjm5zvz2mSjMZP5pJQgOBBzGLGMHGSoHP5QDd93yRoutyr1J1a+4MaJl4BalCgUav8uX3JUkFjQ3hWOuu5yYmyLAyjHA6LfuppgkmIzygXUtjLKgOstnRU3RqlT6KpLIVGzRTf09kWGg9EaHtFNgM9aKXi/953dREV0HG4iQ1NCbzRVHKkZEoTwD1maLE8IklmChmb0VkiBUmxuaUh+AtvrxMWuc1z615DxfV+k0RRwmO4QTOwINLqMMdNKAJBJ7gGV7hzRk7L8678zFvXXGKmSP4A+fzBy/mkQw=</latexit><latexit sha1_base64="Eh3X2p6gw7BJrnDKE4FPnYbLnn8=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxJBfsBTSib7aZdupuNu5tCCf0dXjwo4tUf481/46bNQVsfDDzem2FmXphwpo3rfjsrq2vrG5ulrfL2zu7efuXgsKVlqghtEsml6oRYU85i2jTMcNpJFMUi5LQdjm5zvz2mSjMZP5pJQgOBBzGLGMHGSoHP5QDd93yRoutyr1J1a+4MaJl4BalCgUav8uX3JUkFjQ3hWOuu5yYmyLAyjHA6LfuppgkmIzygXUtjLKgOstnRU3RqlT6KpLIVGzRTf09kWGg9EaHtFNgM9aKXi/953dREV0HG4iQ1NCbzRVHKkZEoTwD1maLE8IklmChmb0VkiBUmxuaUh+AtvrxMWuc1z615DxfV+k0RRwmO4QTOwINLqMMdNKAJBJ7gGV7hzRk7L8678zFvXXGKmSP4A+fzBy/mkQw=</latexit><latexit sha1_base64="Eh3X2p6gw7BJrnDKE4FPnYbLnn8=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxJBfsBTSib7aZdupuNu5tCCf0dXjwo4tUf481/46bNQVsfDDzem2FmXphwpo3rfjsrq2vrG5ulrfL2zu7efuXgsKVlqghtEsml6oRYU85i2jTMcNpJFMUi5LQdjm5zvz2mSjMZP5pJQgOBBzGLGMHGSoHP5QDd93yRoutyr1J1a+4MaJl4BalCgUav8uX3JUkFjQ3hWOuu5yYmyLAyjHA6LfuppgkmIzygXUtjLKgOstnRU3RqlT6KpLIVGzRTf09kWGg9EaHtFNgM9aKXi/953dREV0HG4iQ1NCbzRVHKkZEoTwD1maLE8IklmChmb0VkiBUmxuaUh+AtvrxMWuc1z615DxfV+k0RRwmO4QTOwINLqMMdNKAJBJ7gGV7hzRk7L8678zFvXXGKmSP4A+fzBy/mkQw=</latexit><latexit sha1_base64="Eh3X2p6gw7BJrnDKE4FPnYbLnn8=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxJBfsBTSib7aZdupuNu5tCCf0dXjwo4tUf481/46bNQVsfDDzem2FmXphwpo3rfjsrq2vrG5ulrfL2zu7efuXgsKVlqghtEsml6oRYU85i2jTMcNpJFMUi5LQdjm5zvz2mSjMZP5pJQgOBBzGLGMHGSoHP5QDd93yRoutyr1J1a+4MaJl4BalCgUav8uX3JUkFjQ3hWOuu5yYmyLAyjHA6LfuppgkmIzygXUtjLKgOstnRU3RqlT6KpLIVGzRTf09kWGg9EaHtFNgM9aKXi/953dREV0HG4iQ1NCbzRVHKkZEoTwD1maLE8IklmChmb0VkiBUmxuaUh+AtvrxMWuc1z615DxfV+k0RRwmO4QTOwINLqMMdNKAJBJ7gGV7hzRk7L8678zFvXXGKmSP4A+fzBy/mkQw=</latexit>

44

log fi
<latexit sha1_base64="KtFLvvLwMWJ1f3PAzHiXsr+BAFs=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMhszPrTK8QQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSe1u1IPSNwTvXLFr/pzkFUS5KQCOeq98le3r1mWcIVMUms7gZ9iOKEGBZN8WupmlqeUjeiAdxxVNOE2nMzvnZIzp/RJrI0rhWSu/p6Y0MTacRK5zoTi0C57M/E/r5NhfB1OhEoz5IotFsWZJKjJ7HnSF4YzlGNHKDPC3UrYkBrK0EVUciEEyy+vkuZFNfCrwf1lpXaTx1GEEziFcwjgCmpwB3VoAAMJz/AKb96j9+K9ex+L1oKXzxzDH3ifP6sYj7Y=</latexit><latexit sha1_base64="KtFLvvLwMWJ1f3PAzHiXsr+BAFs=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMhszPrTK8QQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSe1u1IPSNwTvXLFr/pzkFUS5KQCOeq98le3r1mWcIVMUms7gZ9iOKEGBZN8WupmlqeUjeiAdxxVNOE2nMzvnZIzp/RJrI0rhWSu/p6Y0MTacRK5zoTi0C57M/E/r5NhfB1OhEoz5IotFsWZJKjJ7HnSF4YzlGNHKDPC3UrYkBrK0EVUciEEyy+vkuZFNfCrwf1lpXaTx1GEEziFcwjgCmpwB3VoAAMJz/AKb96j9+K9ex+L1oKXzxzDH3ifP6sYj7Y=</latexit><latexit sha1_base64="KtFLvvLwMWJ1f3PAzHiXsr+BAFs=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMhszPrTK8QQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSe1u1IPSNwTvXLFr/pzkFUS5KQCOeq98le3r1mWcIVMUms7gZ9iOKEGBZN8WupmlqeUjeiAdxxVNOE2nMzvnZIzp/RJrI0rhWSu/p6Y0MTacRK5zoTi0C57M/E/r5NhfB1OhEoz5IotFsWZJKjJ7HnSF4YzlGNHKDPC3UrYkBrK0EVUciEEyy+vkuZFNfCrwf1lpXaTx1GEEziFcwjgCmpwB3VoAAMJz/AKb96j9+K9ex+L1oKXzxzDH3ifP6sYj7Y=</latexit><latexit sha1_base64="KtFLvvLwMWJ1f3PAzHiXsr+BAFs=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMhszPrTK8QQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSe1u1IPSNwTvXLFr/pzkFUS5KQCOeq98le3r1mWcIVMUms7gZ9iOKEGBZN8WupmlqeUjeiAdxxVNOE2nMzvnZIzp/RJrI0rhWSu/p6Y0MTacRK5zoTi0C57M/E/r5NhfB1OhEoz5IotFsWZJKjJ7HnSF4YzlGNHKDPC3UrYkBrK0EVUciEEyy+vkuZFNfCrwf1lpXaTx1GEEziFcwjgCmpwB3VoAAMJz/AKb96j9+K9ex+L1oKXzxzDH3ifP6sYj7Y=</latexit>



logNµ =
<latexit sha1_base64="Eh3X2p6gw7BJrnDKE4FPnYbLnn8=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxJBfsBTSib7aZdupuNu5tCCf0dXjwo4tUf481/46bNQVsfDDzem2FmXphwpo3rfjsrq2vrG5ulrfL2zu7efuXgsKVlqghtEsml6oRYU85i2jTMcNpJFMUi5LQdjm5zvz2mSjMZP5pJQgOBBzGLGMHGSoHP5QDd93yRoutyr1J1a+4MaJl4BalCgUav8uX3JUkFjQ3hWOuu5yYmyLAyjHA6LfuppgkmIzygXUtjLKgOstnRU3RqlT6KpLIVGzRTf09kWGg9EaHtFNgM9aKXi/953dREV0HG4iQ1NCbzRVHKkZEoTwD1maLE8IklmChmb0VkiBUmxuaUh+AtvrxMWuc1z615DxfV+k0RRwmO4QTOwINLqMMdNKAJBJ7gGV7hzRk7L8678zFvXXGKmSP4A+fzBy/mkQw=</latexit><latexit sha1_base64="Eh3X2p6gw7BJrnDKE4FPnYbLnn8=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxJBfsBTSib7aZdupuNu5tCCf0dXjwo4tUf481/46bNQVsfDDzem2FmXphwpo3rfjsrq2vrG5ulrfL2zu7efuXgsKVlqghtEsml6oRYU85i2jTMcNpJFMUi5LQdjm5zvz2mSjMZP5pJQgOBBzGLGMHGSoHP5QDd93yRoutyr1J1a+4MaJl4BalCgUav8uX3JUkFjQ3hWOuu5yYmyLAyjHA6LfuppgkmIzygXUtjLKgOstnRU3RqlT6KpLIVGzRTf09kWGg9EaHtFNgM9aKXi/953dREV0HG4iQ1NCbzRVHKkZEoTwD1maLE8IklmChmb0VkiBUmxuaUh+AtvrxMWuc1z615DxfV+k0RRwmO4QTOwINLqMMdNKAJBJ7gGV7hzRk7L8678zFvXXGKmSP4A+fzBy/mkQw=</latexit><latexit sha1_base64="Eh3X2p6gw7BJrnDKE4FPnYbLnn8=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxJBfsBTSib7aZdupuNu5tCCf0dXjwo4tUf481/46bNQVsfDDzem2FmXphwpo3rfjsrq2vrG5ulrfL2zu7efuXgsKVlqghtEsml6oRYU85i2jTMcNpJFMUi5LQdjm5zvz2mSjMZP5pJQgOBBzGLGMHGSoHP5QDd93yRoutyr1J1a+4MaJl4BalCgUav8uX3JUkFjQ3hWOuu5yYmyLAyjHA6LfuppgkmIzygXUtjLKgOstnRU3RqlT6KpLIVGzRTf09kWGg9EaHtFNgM9aKXi/953dREV0HG4iQ1NCbzRVHKkZEoTwD1maLE8IklmChmb0VkiBUmxuaUh+AtvrxMWuc1z615DxfV+k0RRwmO4QTOwINLqMMdNKAJBJ7gGV7hzRk7L8678zFvXXGKmSP4A+fzBy/mkQw=</latexit><latexit sha1_base64="Eh3X2p6gw7BJrnDKE4FPnYbLnn8=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxJBfsBTSib7aZdupuNu5tCCf0dXjwo4tUf481/46bNQVsfDDzem2FmXphwpo3rfjsrq2vrG5ulrfL2zu7efuXgsKVlqghtEsml6oRYU85i2jTMcNpJFMUi5LQdjm5zvz2mSjMZP5pJQgOBBzGLGMHGSoHP5QDd93yRoutyr1J1a+4MaJl4BalCgUav8uX3JUkFjQ3hWOuu5yYmyLAyjHA6LfuppgkmIzygXUtjLKgOstnRU3RqlT6KpLIVGzRTf09kWGg9EaHtFNgM9aKXi/953dREV0HG4iQ1NCbzRVHKkZEoTwD1maLE8IklmChmb0VkiBUmxuaUh+AtvrxMWuc1z615DxfV+k0RRwmO4QTOwINLqMMdNKAJBJ7gGV7hzRk7L8678zFvXXGKmSP4A+fzBy/mkQw=</latexit>

45

log fi
<latexit sha1_base64="KtFLvvLwMWJ1f3PAzHiXsr+BAFs=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMhszPrTK8QQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSe1u1IPSNwTvXLFr/pzkFUS5KQCOeq98le3r1mWcIVMUms7gZ9iOKEGBZN8WupmlqeUjeiAdxxVNOE2nMzvnZIzp/RJrI0rhWSu/p6Y0MTacRK5zoTi0C57M/E/r5NhfB1OhEoz5IotFsWZJKjJ7HnSF4YzlGNHKDPC3UrYkBrK0EVUciEEyy+vkuZFNfCrwf1lpXaTx1GEEziFcwjgCmpwB3VoAAMJz/AKb96j9+K9ex+L1oKXzxzDH3ifP6sYj7Y=</latexit><latexit sha1_base64="KtFLvvLwMWJ1f3PAzHiXsr+BAFs=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMhszPrTK8QQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSe1u1IPSNwTvXLFr/pzkFUS5KQCOeq98le3r1mWcIVMUms7gZ9iOKEGBZN8WupmlqeUjeiAdxxVNOE2nMzvnZIzp/RJrI0rhWSu/p6Y0MTacRK5zoTi0C57M/E/r5NhfB1OhEoz5IotFsWZJKjJ7HnSF4YzlGNHKDPC3UrYkBrK0EVUciEEyy+vkuZFNfCrwf1lpXaTx1GEEziFcwjgCmpwB3VoAAMJz/AKb96j9+K9ex+L1oKXzxzDH3ifP6sYj7Y=</latexit><latexit sha1_base64="KtFLvvLwMWJ1f3PAzHiXsr+BAFs=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMhszPrTK8QQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSe1u1IPSNwTvXLFr/pzkFUS5KQCOeq98le3r1mWcIVMUms7gZ9iOKEGBZN8WupmlqeUjeiAdxxVNOE2nMzvnZIzp/RJrI0rhWSu/p6Y0MTacRK5zoTi0C57M/E/r5NhfB1OhEoz5IotFsWZJKjJ7HnSF4YzlGNHKDPC3UrYkBrK0EVUciEEyy+vkuZFNfCrwf1lpXaTx1GEEziFcwjgCmpwB3VoAAMJz/AKb96j9+K9ex+L1oKXzxzDH3ifP6sYj7Y=</latexit><latexit sha1_base64="KtFLvvLwMWJ1f3PAzHiXsr+BAFs=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMhszPrTK8QQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSe1u1IPSNwTvXLFr/pzkFUS5KQCOeq98le3r1mWcIVMUms7gZ9iOKEGBZN8WupmlqeUjeiAdxxVNOE2nMzvnZIzp/RJrI0rhWSu/p6Y0MTacRK5zoTi0C57M/E/r5NhfB1OhEoz5IotFsWZJKjJ7HnSF4YzlGNHKDPC3UrYkBrK0EVUciEEyy+vkuZFNfCrwf1lpXaTx1GEEziFcwjgCmpwB3VoAAMJz/AKb96j9+K9ex+L1oKXzxzDH3ifP6sYj7Y=</latexit>

log fi�1 +
<latexit sha1_base64="ieEbXc5Gu/IR+vnZhLv5JZ4oVT0=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRBGtJRNBj0YvHCvYDmhA22027uMmG3Y1QQsG/4sWDIl79Hd78N27bHLT1wcDjvRlm5oUpZ0o7zrdVWlpeWV0rr1c2Nre2d+zdvbYSmSS0RQQXshtiRTlLaEszzWk3lRTHIaed8OFm4nceqVRMJPd6lFI/xoOERYxgbaTAPvC4GKAoyNmZO0ZezashdIoCu+rUnSnQInELUoUCzcD+8vqCZDFNNOFYqZ7rpNrPsdSMcDqueJmiKSYPeEB7hiY4psrPp+eP0bFR+igS0lSi0VT9PZHjWKlRHJrOGOuhmvcm4n9eL9PRlZ+zJM00TchsUZRxpAWaZIH6TFKi+cgQTCQztyIyxBITbRKrmBDc+ZcXSfu87jp19+6i2rgu4ijDIRzBCbhwCQ24hSa0gEAOz/AKb9aT9WK9Wx+z1pJVzOzDH1ifP+Z9k3o=</latexit><latexit sha1_base64="ieEbXc5Gu/IR+vnZhLv5JZ4oVT0=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRBGtJRNBj0YvHCvYDmhA22027uMmG3Y1QQsG/4sWDIl79Hd78N27bHLT1wcDjvRlm5oUpZ0o7zrdVWlpeWV0rr1c2Nre2d+zdvbYSmSS0RQQXshtiRTlLaEszzWk3lRTHIaed8OFm4nceqVRMJPd6lFI/xoOERYxgbaTAPvC4GKAoyNmZO0ZezashdIoCu+rUnSnQInELUoUCzcD+8vqCZDFNNOFYqZ7rpNrPsdSMcDqueJmiKSYPeEB7hiY4psrPp+eP0bFR+igS0lSi0VT9PZHjWKlRHJrOGOuhmvcm4n9eL9PRlZ+zJM00TchsUZRxpAWaZIH6TFKi+cgQTCQztyIyxBITbRKrmBDc+ZcXSfu87jp19+6i2rgu4ijDIRzBCbhwCQ24hSa0gEAOz/AKb9aT9WK9Wx+z1pJVzOzDH1ifP+Z9k3o=</latexit><latexit sha1_base64="ieEbXc5Gu/IR+vnZhLv5JZ4oVT0=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRBGtJRNBj0YvHCvYDmhA22027uMmG3Y1QQsG/4sWDIl79Hd78N27bHLT1wcDjvRlm5oUpZ0o7zrdVWlpeWV0rr1c2Nre2d+zdvbYSmSS0RQQXshtiRTlLaEszzWk3lRTHIaed8OFm4nceqVRMJPd6lFI/xoOERYxgbaTAPvC4GKAoyNmZO0ZezashdIoCu+rUnSnQInELUoUCzcD+8vqCZDFNNOFYqZ7rpNrPsdSMcDqueJmiKSYPeEB7hiY4psrPp+eP0bFR+igS0lSi0VT9PZHjWKlRHJrOGOuhmvcm4n9eL9PRlZ+zJM00TchsUZRxpAWaZIH6TFKi+cgQTCQztyIyxBITbRKrmBDc+ZcXSfu87jp19+6i2rgu4ijDIRzBCbhwCQ24hSa0gEAOz/AKb9aT9WK9Wx+z1pJVzOzDH1ifP+Z9k3o=</latexit><latexit sha1_base64="ieEbXc5Gu/IR+vnZhLv5JZ4oVT0=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRBGtJRNBj0YvHCvYDmhA22027uMmG3Y1QQsG/4sWDIl79Hd78N27bHLT1wcDjvRlm5oUpZ0o7zrdVWlpeWV0rr1c2Nre2d+zdvbYSmSS0RQQXshtiRTlLaEszzWk3lRTHIaed8OFm4nceqVRMJPd6lFI/xoOERYxgbaTAPvC4GKAoyNmZO0ZezashdIoCu+rUnSnQInELUoUCzcD+8vqCZDFNNOFYqZ7rpNrPsdSMcDqueJmiKSYPeEB7hiY4psrPp+eP0bFR+igS0lSi0VT9PZHjWKlRHJrOGOuhmvcm4n9eL9PRlZ+zJM00TchsUZRxpAWaZIH6TFKi+cgQTCQztyIyxBITbRKrmBDc+ZcXSfu87jp19+6i2rgu4ijDIRzBCbhwCQ24hSa0gEAOz/AKb9aT9WK9Wx+z1pJVzOzDH1ifP+Z9k3o=</latexit>



logNµ =
<latexit sha1_base64="Eh3X2p6gw7BJrnDKE4FPnYbLnn8=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxJBfsBTSib7aZdupuNu5tCCf0dXjwo4tUf481/46bNQVsfDDzem2FmXphwpo3rfjsrq2vrG5ulrfL2zu7efuXgsKVlqghtEsml6oRYU85i2jTMcNpJFMUi5LQdjm5zvz2mSjMZP5pJQgOBBzGLGMHGSoHP5QDd93yRoutyr1J1a+4MaJl4BalCgUav8uX3JUkFjQ3hWOuu5yYmyLAyjHA6LfuppgkmIzygXUtjLKgOstnRU3RqlT6KpLIVGzRTf09kWGg9EaHtFNgM9aKXi/953dREV0HG4iQ1NCbzRVHKkZEoTwD1maLE8IklmChmb0VkiBUmxuaUh+AtvrxMWuc1z615DxfV+k0RRwmO4QTOwINLqMMdNKAJBJ7gGV7hzRk7L8678zFvXXGKmSP4A+fzBy/mkQw=</latexit><latexit sha1_base64="Eh3X2p6gw7BJrnDKE4FPnYbLnn8=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxJBfsBTSib7aZdupuNu5tCCf0dXjwo4tUf481/46bNQVsfDDzem2FmXphwpo3rfjsrq2vrG5ulrfL2zu7efuXgsKVlqghtEsml6oRYU85i2jTMcNpJFMUi5LQdjm5zvz2mSjMZP5pJQgOBBzGLGMHGSoHP5QDd93yRoutyr1J1a+4MaJl4BalCgUav8uX3JUkFjQ3hWOuu5yYmyLAyjHA6LfuppgkmIzygXUtjLKgOstnRU3RqlT6KpLIVGzRTf09kWGg9EaHtFNgM9aKXi/953dREV0HG4iQ1NCbzRVHKkZEoTwD1maLE8IklmChmb0VkiBUmxuaUh+AtvrxMWuc1z615DxfV+k0RRwmO4QTOwINLqMMdNKAJBJ7gGV7hzRk7L8678zFvXXGKmSP4A+fzBy/mkQw=</latexit><latexit sha1_base64="Eh3X2p6gw7BJrnDKE4FPnYbLnn8=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxJBfsBTSib7aZdupuNu5tCCf0dXjwo4tUf481/46bNQVsfDDzem2FmXphwpo3rfjsrq2vrG5ulrfL2zu7efuXgsKVlqghtEsml6oRYU85i2jTMcNpJFMUi5LQdjm5zvz2mSjMZP5pJQgOBBzGLGMHGSoHP5QDd93yRoutyr1J1a+4MaJl4BalCgUav8uX3JUkFjQ3hWOuu5yYmyLAyjHA6LfuppgkmIzygXUtjLKgOstnRU3RqlT6KpLIVGzRTf09kWGg9EaHtFNgM9aKXi/953dREV0HG4iQ1NCbzRVHKkZEoTwD1maLE8IklmChmb0VkiBUmxuaUh+AtvrxMWuc1z615DxfV+k0RRwmO4QTOwINLqMMdNKAJBJ7gGV7hzRk7L8678zFvXXGKmSP4A+fzBy/mkQw=</latexit><latexit sha1_base64="Eh3X2p6gw7BJrnDKE4FPnYbLnn8=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxJBfsBTSib7aZdupuNu5tCCf0dXjwo4tUf481/46bNQVsfDDzem2FmXphwpo3rfjsrq2vrG5ulrfL2zu7efuXgsKVlqghtEsml6oRYU85i2jTMcNpJFMUi5LQdjm5zvz2mSjMZP5pJQgOBBzGLGMHGSoHP5QDd93yRoutyr1J1a+4MaJl4BalCgUav8uX3JUkFjQ3hWOuu5yYmyLAyjHA6LfuppgkmIzygXUtjLKgOstnRU3RqlT6KpLIVGzRTf09kWGg9EaHtFNgM9aKXi/953dREV0HG4iQ1NCbzRVHKkZEoTwD1maLE8IklmChmb0VkiBUmxuaUh+AtvrxMWuc1z615DxfV+k0RRwmO4QTOwINLqMMdNKAJBJ7gGV7hzRk7L8678zFvXXGKmSP4A+fzBy/mkQw=</latexit>
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log fi
<latexit sha1_base64="KtFLvvLwMWJ1f3PAzHiXsr+BAFs=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMhszPrTK8QQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSe1u1IPSNwTvXLFr/pzkFUS5KQCOeq98le3r1mWcIVMUms7gZ9iOKEGBZN8WupmlqeUjeiAdxxVNOE2nMzvnZIzp/RJrI0rhWSu/p6Y0MTacRK5zoTi0C57M/E/r5NhfB1OhEoz5IotFsWZJKjJ7HnSF4YzlGNHKDPC3UrYkBrK0EVUciEEyy+vkuZFNfCrwf1lpXaTx1GEEziFcwjgCmpwB3VoAAMJz/AKb96j9+K9ex+L1oKXzxzDH3ifP6sYj7Y=</latexit><latexit sha1_base64="KtFLvvLwMWJ1f3PAzHiXsr+BAFs=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMhszPrTK8QQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSe1u1IPSNwTvXLFr/pzkFUS5KQCOeq98le3r1mWcIVMUms7gZ9iOKEGBZN8WupmlqeUjeiAdxxVNOE2nMzvnZIzp/RJrI0rhWSu/p6Y0MTacRK5zoTi0C57M/E/r5NhfB1OhEoz5IotFsWZJKjJ7HnSF4YzlGNHKDPC3UrYkBrK0EVUciEEyy+vkuZFNfCrwf1lpXaTx1GEEziFcwjgCmpwB3VoAAMJz/AKb96j9+K9ex+L1oKXzxzDH3ifP6sYj7Y=</latexit><latexit sha1_base64="KtFLvvLwMWJ1f3PAzHiXsr+BAFs=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMhszPrTK8QQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSe1u1IPSNwTvXLFr/pzkFUS5KQCOeq98le3r1mWcIVMUms7gZ9iOKEGBZN8WupmlqeUjeiAdxxVNOE2nMzvnZIzp/RJrI0rhWSu/p6Y0MTacRK5zoTi0C57M/E/r5NhfB1OhEoz5IotFsWZJKjJ7HnSF4YzlGNHKDPC3UrYkBrK0EVUciEEyy+vkuZFNfCrwf1lpXaTx1GEEziFcwjgCmpwB3VoAAMJz/AKb96j9+K9ex+L1oKXzxzDH3ifP6sYj7Y=</latexit><latexit sha1_base64="KtFLvvLwMWJ1f3PAzHiXsr+BAFs=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMhszPrTK8QQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSe1u1IPSNwTvXLFr/pzkFUS5KQCOeq98le3r1mWcIVMUms7gZ9iOKEGBZN8WupmlqeUjeiAdxxVNOE2nMzvnZIzp/RJrI0rhWSu/p6Y0MTacRK5zoTi0C57M/E/r5NhfB1OhEoz5IotFsWZJKjJ7HnSF4YzlGNHKDPC3UrYkBrK0EVUciEEyy+vkuZFNfCrwf1lpXaTx1GEEziFcwjgCmpwB3VoAAMJz/AKb96j9+K9ex+L1oKXzxzDH3ifP6sYj7Y=</latexit>

log fi�1 +
<latexit sha1_base64="ieEbXc5Gu/IR+vnZhLv5JZ4oVT0=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRBGtJRNBj0YvHCvYDmhA22027uMmG3Y1QQsG/4sWDIl79Hd78N27bHLT1wcDjvRlm5oUpZ0o7zrdVWlpeWV0rr1c2Nre2d+zdvbYSmSS0RQQXshtiRTlLaEszzWk3lRTHIaed8OFm4nceqVRMJPd6lFI/xoOERYxgbaTAPvC4GKAoyNmZO0ZezashdIoCu+rUnSnQInELUoUCzcD+8vqCZDFNNOFYqZ7rpNrPsdSMcDqueJmiKSYPeEB7hiY4psrPp+eP0bFR+igS0lSi0VT9PZHjWKlRHJrOGOuhmvcm4n9eL9PRlZ+zJM00TchsUZRxpAWaZIH6TFKi+cgQTCQztyIyxBITbRKrmBDc+ZcXSfu87jp19+6i2rgu4ijDIRzBCbhwCQ24hSa0gEAOz/AKb9aT9WK9Wx+z1pJVzOzDH1ifP+Z9k3o=</latexit><latexit sha1_base64="ieEbXc5Gu/IR+vnZhLv5JZ4oVT0=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRBGtJRNBj0YvHCvYDmhA22027uMmG3Y1QQsG/4sWDIl79Hd78N27bHLT1wcDjvRlm5oUpZ0o7zrdVWlpeWV0rr1c2Nre2d+zdvbYSmSS0RQQXshtiRTlLaEszzWk3lRTHIaed8OFm4nceqVRMJPd6lFI/xoOERYxgbaTAPvC4GKAoyNmZO0ZezashdIoCu+rUnSnQInELUoUCzcD+8vqCZDFNNOFYqZ7rpNrPsdSMcDqueJmiKSYPeEB7hiY4psrPp+eP0bFR+igS0lSi0VT9PZHjWKlRHJrOGOuhmvcm4n9eL9PRlZ+zJM00TchsUZRxpAWaZIH6TFKi+cgQTCQztyIyxBITbRKrmBDc+ZcXSfu87jp19+6i2rgu4ijDIRzBCbhwCQ24hSa0gEAOz/AKb9aT9WK9Wx+z1pJVzOzDH1ifP+Z9k3o=</latexit><latexit sha1_base64="ieEbXc5Gu/IR+vnZhLv5JZ4oVT0=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRBGtJRNBj0YvHCvYDmhA22027uMmG3Y1QQsG/4sWDIl79Hd78N27bHLT1wcDjvRlm5oUpZ0o7zrdVWlpeWV0rr1c2Nre2d+zdvbYSmSS0RQQXshtiRTlLaEszzWk3lRTHIaed8OFm4nceqVRMJPd6lFI/xoOERYxgbaTAPvC4GKAoyNmZO0ZezashdIoCu+rUnSnQInELUoUCzcD+8vqCZDFNNOFYqZ7rpNrPsdSMcDqueJmiKSYPeEB7hiY4psrPp+eP0bFR+igS0lSi0VT9PZHjWKlRHJrOGOuhmvcm4n9eL9PRlZ+zJM00TchsUZRxpAWaZIH6TFKi+cgQTCQztyIyxBITbRKrmBDc+ZcXSfu87jp19+6i2rgu4ijDIRzBCbhwCQ24hSa0gEAOz/AKb9aT9WK9Wx+z1pJVzOzDH1ifP+Z9k3o=</latexit><latexit sha1_base64="ieEbXc5Gu/IR+vnZhLv5JZ4oVT0=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRBGtJRNBj0YvHCvYDmhA22027uMmG3Y1QQsG/4sWDIl79Hd78N27bHLT1wcDjvRlm5oUpZ0o7zrdVWlpeWV0rr1c2Nre2d+zdvbYSmSS0RQQXshtiRTlLaEszzWk3lRTHIaed8OFm4nceqVRMJPd6lFI/xoOERYxgbaTAPvC4GKAoyNmZO0ZezashdIoCu+rUnSnQInELUoUCzcD+8vqCZDFNNOFYqZ7rpNrPsdSMcDqueJmiKSYPeEB7hiY4psrPp+eP0bFR+igS0lSi0VT9PZHjWKlRHJrOGOuhmvcm4n9eL9PRlZ+zJM00TchsUZRxpAWaZIH6TFKi+cgQTCQztyIyxBITbRKrmBDc+ZcXSfu87jp19+6i2rgu4ijDIRzBCbhwCQ24hSa0gEAOz/AKb9aT9WK9Wx+z1pJVzOzDH1ifP+Z9k3o=</latexit>

log fi�2 +
<latexit sha1_base64="0zYLXB5KpqYuCfd7LWvMO9kPUhY=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIgrUkRdBl0Y3LCvYBTQiT6aQdOpmEmYlQQsFfceNCEbd+hzv/xuljoa0HLhzOuZd77wlTzpR2nG+rsLK6tr5R3Cxtbe/s7tn7By2VZJLQJkl4IjshVpQzQZuaaU47qaQ4Djlth8Pbid9+pFKxRDzoUUr9GPcFixjB2kiBfeTxpI+iIGcXtTHyKl4FoXMU2GWn6kyBlok7J2WYoxHYX14vIVlMhSYcK9V1nVT7OZaaEU7HJS9TNMVkiPu0a6jAMVV+Pj1/jE6N0kNRIk0Jjabq74kcx0qN4tB0xlgP1KI3Ef/zupmOrv2ciTTTVJDZoijjSCdokgXqMUmJ5iNDMJHM3IrIAEtMtEmsZEJwF19eJq1a1XWq7v1luX4zj6MIx3ACZ+DCFdThDhrQBAI5PMMrvFlP1ov1bn3MWgvWfOYQ/sD6/AHoC5N7</latexit><latexit sha1_base64="0zYLXB5KpqYuCfd7LWvMO9kPUhY=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIgrUkRdBl0Y3LCvYBTQiT6aQdOpmEmYlQQsFfceNCEbd+hzv/xuljoa0HLhzOuZd77wlTzpR2nG+rsLK6tr5R3Cxtbe/s7tn7By2VZJLQJkl4IjshVpQzQZuaaU47qaQ4Djlth8Pbid9+pFKxRDzoUUr9GPcFixjB2kiBfeTxpI+iIGcXtTHyKl4FoXMU2GWn6kyBlok7J2WYoxHYX14vIVlMhSYcK9V1nVT7OZaaEU7HJS9TNMVkiPu0a6jAMVV+Pj1/jE6N0kNRIk0Jjabq74kcx0qN4tB0xlgP1KI3Ef/zupmOrv2ciTTTVJDZoijjSCdokgXqMUmJ5iNDMJHM3IrIAEtMtEmsZEJwF19eJq1a1XWq7v1luX4zj6MIx3ACZ+DCFdThDhrQBAI5PMMrvFlP1ov1bn3MWgvWfOYQ/sD6/AHoC5N7</latexit><latexit sha1_base64="0zYLXB5KpqYuCfd7LWvMO9kPUhY=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIgrUkRdBl0Y3LCvYBTQiT6aQdOpmEmYlQQsFfceNCEbd+hzv/xuljoa0HLhzOuZd77wlTzpR2nG+rsLK6tr5R3Cxtbe/s7tn7By2VZJLQJkl4IjshVpQzQZuaaU47qaQ4Djlth8Pbid9+pFKxRDzoUUr9GPcFixjB2kiBfeTxpI+iIGcXtTHyKl4FoXMU2GWn6kyBlok7J2WYoxHYX14vIVlMhSYcK9V1nVT7OZaaEU7HJS9TNMVkiPu0a6jAMVV+Pj1/jE6N0kNRIk0Jjabq74kcx0qN4tB0xlgP1KI3Ef/zupmOrv2ciTTTVJDZoijjSCdokgXqMUmJ5iNDMJHM3IrIAEtMtEmsZEJwF19eJq1a1XWq7v1luX4zj6MIx3ACZ+DCFdThDhrQBAI5PMMrvFlP1ov1bn3MWgvWfOYQ/sD6/AHoC5N7</latexit><latexit sha1_base64="0zYLXB5KpqYuCfd7LWvMO9kPUhY=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIgrUkRdBl0Y3LCvYBTQiT6aQdOpmEmYlQQsFfceNCEbd+hzv/xuljoa0HLhzOuZd77wlTzpR2nG+rsLK6tr5R3Cxtbe/s7tn7By2VZJLQJkl4IjshVpQzQZuaaU47qaQ4Djlth8Pbid9+pFKxRDzoUUr9GPcFixjB2kiBfeTxpI+iIGcXtTHyKl4FoXMU2GWn6kyBlok7J2WYoxHYX14vIVlMhSYcK9V1nVT7OZaaEU7HJS9TNMVkiPu0a6jAMVV+Pj1/jE6N0kNRIk0Jjabq74kcx0qN4tB0xlgP1KI3Ef/zupmOrv2ciTTTVJDZoijjSCdokgXqMUmJ5iNDMJHM3IrIAEtMtEmsZEJwF19eJq1a1XWq7v1luX4zj6MIx3ACZ+DCFdThDhrQBAI5PMMrvFlP1ov1bn3MWgvWfOYQ/sD6/AHoC5N7</latexit>



logNµ =
<latexit sha1_base64="Eh3X2p6gw7BJrnDKE4FPnYbLnn8=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxJBfsBTSib7aZdupuNu5tCCf0dXjwo4tUf481/46bNQVsfDDzem2FmXphwpo3rfjsrq2vrG5ulrfL2zu7efuXgsKVlqghtEsml6oRYU85i2jTMcNpJFMUi5LQdjm5zvz2mSjMZP5pJQgOBBzGLGMHGSoHP5QDd93yRoutyr1J1a+4MaJl4BalCgUav8uX3JUkFjQ3hWOuu5yYmyLAyjHA6LfuppgkmIzygXUtjLKgOstnRU3RqlT6KpLIVGzRTf09kWGg9EaHtFNgM9aKXi/953dREV0HG4iQ1NCbzRVHKkZEoTwD1maLE8IklmChmb0VkiBUmxuaUh+AtvrxMWuc1z615DxfV+k0RRwmO4QTOwINLqMMdNKAJBJ7gGV7hzRk7L8678zFvXXGKmSP4A+fzBy/mkQw=</latexit><latexit sha1_base64="Eh3X2p6gw7BJrnDKE4FPnYbLnn8=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxJBfsBTSib7aZdupuNu5tCCf0dXjwo4tUf481/46bNQVsfDDzem2FmXphwpo3rfjsrq2vrG5ulrfL2zu7efuXgsKVlqghtEsml6oRYU85i2jTMcNpJFMUi5LQdjm5zvz2mSjMZP5pJQgOBBzGLGMHGSoHP5QDd93yRoutyr1J1a+4MaJl4BalCgUav8uX3JUkFjQ3hWOuu5yYmyLAyjHA6LfuppgkmIzygXUtjLKgOstnRU3RqlT6KpLIVGzRTf09kWGg9EaHtFNgM9aKXi/953dREV0HG4iQ1NCbzRVHKkZEoTwD1maLE8IklmChmb0VkiBUmxuaUh+AtvrxMWuc1z615DxfV+k0RRwmO4QTOwINLqMMdNKAJBJ7gGV7hzRk7L8678zFvXXGKmSP4A+fzBy/mkQw=</latexit><latexit sha1_base64="Eh3X2p6gw7BJrnDKE4FPnYbLnn8=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxJBfsBTSib7aZdupuNu5tCCf0dXjwo4tUf481/46bNQVsfDDzem2FmXphwpo3rfjsrq2vrG5ulrfL2zu7efuXgsKVlqghtEsml6oRYU85i2jTMcNpJFMUi5LQdjm5zvz2mSjMZP5pJQgOBBzGLGMHGSoHP5QDd93yRoutyr1J1a+4MaJl4BalCgUav8uX3JUkFjQ3hWOuu5yYmyLAyjHA6LfuppgkmIzygXUtjLKgOstnRU3RqlT6KpLIVGzRTf09kWGg9EaHtFNgM9aKXi/953dREV0HG4iQ1NCbzRVHKkZEoTwD1maLE8IklmChmb0VkiBUmxuaUh+AtvrxMWuc1z615DxfV+k0RRwmO4QTOwINLqMMdNKAJBJ7gGV7hzRk7L8678zFvXXGKmSP4A+fzBy/mkQw=</latexit><latexit sha1_base64="Eh3X2p6gw7BJrnDKE4FPnYbLnn8=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxJBfsBTSib7aZdupuNu5tCCf0dXjwo4tUf481/46bNQVsfDDzem2FmXphwpo3rfjsrq2vrG5ulrfL2zu7efuXgsKVlqghtEsml6oRYU85i2jTMcNpJFMUi5LQdjm5zvz2mSjMZP5pJQgOBBzGLGMHGSoHP5QDd93yRoutyr1J1a+4MaJl4BalCgUav8uX3JUkFjQ3hWOuu5yYmyLAyjHA6LfuppgkmIzygXUtjLKgOstnRU3RqlT6KpLIVGzRTf09kWGg9EaHtFNgM9aKXi/953dREV0HG4iQ1NCbzRVHKkZEoTwD1maLE8IklmChmb0VkiBUmxuaUh+AtvrxMWuc1z615DxfV+k0RRwmO4QTOwINLqMMdNKAJBJ7gGV7hzRk7L8678zFvXXGKmSP4A+fzBy/mkQw=</latexit>
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log fi
<latexit sha1_base64="KtFLvvLwMWJ1f3PAzHiXsr+BAFs=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMhszPrTK8QQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSe1u1IPSNwTvXLFr/pzkFUS5KQCOeq98le3r1mWcIVMUms7gZ9iOKEGBZN8WupmlqeUjeiAdxxVNOE2nMzvnZIzp/RJrI0rhWSu/p6Y0MTacRK5zoTi0C57M/E/r5NhfB1OhEoz5IotFsWZJKjJ7HnSF4YzlGNHKDPC3UrYkBrK0EVUciEEyy+vkuZFNfCrwf1lpXaTx1GEEziFcwjgCmpwB3VoAAMJz/AKb96j9+K9ex+L1oKXzxzDH3ifP6sYj7Y=</latexit><latexit sha1_base64="KtFLvvLwMWJ1f3PAzHiXsr+BAFs=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMhszPrTK8QQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSe1u1IPSNwTvXLFr/pzkFUS5KQCOeq98le3r1mWcIVMUms7gZ9iOKEGBZN8WupmlqeUjeiAdxxVNOE2nMzvnZIzp/RJrI0rhWSu/p6Y0MTacRK5zoTi0C57M/E/r5NhfB1OhEoz5IotFsWZJKjJ7HnSF4YzlGNHKDPC3UrYkBrK0EVUciEEyy+vkuZFNfCrwf1lpXaTx1GEEziFcwjgCmpwB3VoAAMJz/AKb96j9+K9ex+L1oKXzxzDH3ifP6sYj7Y=</latexit><latexit sha1_base64="KtFLvvLwMWJ1f3PAzHiXsr+BAFs=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMhszPrTK8QQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSe1u1IPSNwTvXLFr/pzkFUS5KQCOeq98le3r1mWcIVMUms7gZ9iOKEGBZN8WupmlqeUjeiAdxxVNOE2nMzvnZIzp/RJrI0rhWSu/p6Y0MTacRK5zoTi0C57M/E/r5NhfB1OhEoz5IotFsWZJKjJ7HnSF4YzlGNHKDPC3UrYkBrK0EVUciEEyy+vkuZFNfCrwf1lpXaTx1GEEziFcwjgCmpwB3VoAAMJz/AKb96j9+K9ex+L1oKXzxzDH3ifP6sYj7Y=</latexit><latexit sha1_base64="KtFLvvLwMWJ1f3PAzHiXsr+BAFs=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMhszPrTK8QQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSe1u1IPSNwTvXLFr/pzkFUS5KQCOeq98le3r1mWcIVMUms7gZ9iOKEGBZN8WupmlqeUjeiAdxxVNOE2nMzvnZIzp/RJrI0rhWSu/p6Y0MTacRK5zoTi0C57M/E/r5NhfB1OhEoz5IotFsWZJKjJ7HnSF4YzlGNHKDPC3UrYkBrK0EVUciEEyy+vkuZFNfCrwf1lpXaTx1GEEziFcwjgCmpwB3VoAAMJz/AKb96j9+K9ex+L1oKXzxzDH3ifP6sYj7Y=</latexit>

log fi�1 +
<latexit sha1_base64="ieEbXc5Gu/IR+vnZhLv5JZ4oVT0=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRBGtJRNBj0YvHCvYDmhA22027uMmG3Y1QQsG/4sWDIl79Hd78N27bHLT1wcDjvRlm5oUpZ0o7zrdVWlpeWV0rr1c2Nre2d+zdvbYSmSS0RQQXshtiRTlLaEszzWk3lRTHIaed8OFm4nceqVRMJPd6lFI/xoOERYxgbaTAPvC4GKAoyNmZO0ZezashdIoCu+rUnSnQInELUoUCzcD+8vqCZDFNNOFYqZ7rpNrPsdSMcDqueJmiKSYPeEB7hiY4psrPp+eP0bFR+igS0lSi0VT9PZHjWKlRHJrOGOuhmvcm4n9eL9PRlZ+zJM00TchsUZRxpAWaZIH6TFKi+cgQTCQztyIyxBITbRKrmBDc+ZcXSfu87jp19+6i2rgu4ijDIRzBCbhwCQ24hSa0gEAOz/AKb9aT9WK9Wx+z1pJVzOzDH1ifP+Z9k3o=</latexit><latexit sha1_base64="ieEbXc5Gu/IR+vnZhLv5JZ4oVT0=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRBGtJRNBj0YvHCvYDmhA22027uMmG3Y1QQsG/4sWDIl79Hd78N27bHLT1wcDjvRlm5oUpZ0o7zrdVWlpeWV0rr1c2Nre2d+zdvbYSmSS0RQQXshtiRTlLaEszzWk3lRTHIaed8OFm4nceqVRMJPd6lFI/xoOERYxgbaTAPvC4GKAoyNmZO0ZezashdIoCu+rUnSnQInELUoUCzcD+8vqCZDFNNOFYqZ7rpNrPsdSMcDqueJmiKSYPeEB7hiY4psrPp+eP0bFR+igS0lSi0VT9PZHjWKlRHJrOGOuhmvcm4n9eL9PRlZ+zJM00TchsUZRxpAWaZIH6TFKi+cgQTCQztyIyxBITbRKrmBDc+ZcXSfu87jp19+6i2rgu4ijDIRzBCbhwCQ24hSa0gEAOz/AKb9aT9WK9Wx+z1pJVzOzDH1ifP+Z9k3o=</latexit><latexit sha1_base64="ieEbXc5Gu/IR+vnZhLv5JZ4oVT0=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRBGtJRNBj0YvHCvYDmhA22027uMmG3Y1QQsG/4sWDIl79Hd78N27bHLT1wcDjvRlm5oUpZ0o7zrdVWlpeWV0rr1c2Nre2d+zdvbYSmSS0RQQXshtiRTlLaEszzWk3lRTHIaed8OFm4nceqVRMJPd6lFI/xoOERYxgbaTAPvC4GKAoyNmZO0ZezashdIoCu+rUnSnQInELUoUCzcD+8vqCZDFNNOFYqZ7rpNrPsdSMcDqueJmiKSYPeEB7hiY4psrPp+eP0bFR+igS0lSi0VT9PZHjWKlRHJrOGOuhmvcm4n9eL9PRlZ+zJM00TchsUZRxpAWaZIH6TFKi+cgQTCQztyIyxBITbRKrmBDc+ZcXSfu87jp19+6i2rgu4ijDIRzBCbhwCQ24hSa0gEAOz/AKb9aT9WK9Wx+z1pJVzOzDH1ifP+Z9k3o=</latexit><latexit sha1_base64="ieEbXc5Gu/IR+vnZhLv5JZ4oVT0=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRBGtJRNBj0YvHCvYDmhA22027uMmG3Y1QQsG/4sWDIl79Hd78N27bHLT1wcDjvRlm5oUpZ0o7zrdVWlpeWV0rr1c2Nre2d+zdvbYSmSS0RQQXshtiRTlLaEszzWk3lRTHIaed8OFm4nceqVRMJPd6lFI/xoOERYxgbaTAPvC4GKAoyNmZO0ZezashdIoCu+rUnSnQInELUoUCzcD+8vqCZDFNNOFYqZ7rpNrPsdSMcDqueJmiKSYPeEB7hiY4psrPp+eP0bFR+igS0lSi0VT9PZHjWKlRHJrOGOuhmvcm4n9eL9PRlZ+zJM00TchsUZRxpAWaZIH6TFKi+cgQTCQztyIyxBITbRKrmBDc+ZcXSfu87jp19+6i2rgu4ijDIRzBCbhwCQ24hSa0gEAOz/AKb9aT9WK9Wx+z1pJVzOzDH1ifP+Z9k3o=</latexit>

log fi�2 +
<latexit sha1_base64="0zYLXB5KpqYuCfd7LWvMO9kPUhY=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIgrUkRdBl0Y3LCvYBTQiT6aQdOpmEmYlQQsFfceNCEbd+hzv/xuljoa0HLhzOuZd77wlTzpR2nG+rsLK6tr5R3Cxtbe/s7tn7By2VZJLQJkl4IjshVpQzQZuaaU47qaQ4Djlth8Pbid9+pFKxRDzoUUr9GPcFixjB2kiBfeTxpI+iIGcXtTHyKl4FoXMU2GWn6kyBlok7J2WYoxHYX14vIVlMhSYcK9V1nVT7OZaaEU7HJS9TNMVkiPu0a6jAMVV+Pj1/jE6N0kNRIk0Jjabq74kcx0qN4tB0xlgP1KI3Ef/zupmOrv2ciTTTVJDZoijjSCdokgXqMUmJ5iNDMJHM3IrIAEtMtEmsZEJwF19eJq1a1XWq7v1luX4zj6MIx3ACZ+DCFdThDhrQBAI5PMMrvFlP1ov1bn3MWgvWfOYQ/sD6/AHoC5N7</latexit><latexit sha1_base64="0zYLXB5KpqYuCfd7LWvMO9kPUhY=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIgrUkRdBl0Y3LCvYBTQiT6aQdOpmEmYlQQsFfceNCEbd+hzv/xuljoa0HLhzOuZd77wlTzpR2nG+rsLK6tr5R3Cxtbe/s7tn7By2VZJLQJkl4IjshVpQzQZuaaU47qaQ4Djlth8Pbid9+pFKxRDzoUUr9GPcFixjB2kiBfeTxpI+iIGcXtTHyKl4FoXMU2GWn6kyBlok7J2WYoxHYX14vIVlMhSYcK9V1nVT7OZaaEU7HJS9TNMVkiPu0a6jAMVV+Pj1/jE6N0kNRIk0Jjabq74kcx0qN4tB0xlgP1KI3Ef/zupmOrv2ciTTTVJDZoijjSCdokgXqMUmJ5iNDMJHM3IrIAEtMtEmsZEJwF19eJq1a1XWq7v1luX4zj6MIx3ACZ+DCFdThDhrQBAI5PMMrvFlP1ov1bn3MWgvWfOYQ/sD6/AHoC5N7</latexit><latexit sha1_base64="0zYLXB5KpqYuCfd7LWvMO9kPUhY=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIgrUkRdBl0Y3LCvYBTQiT6aQdOpmEmYlQQsFfceNCEbd+hzv/xuljoa0HLhzOuZd77wlTzpR2nG+rsLK6tr5R3Cxtbe/s7tn7By2VZJLQJkl4IjshVpQzQZuaaU47qaQ4Djlth8Pbid9+pFKxRDzoUUr9GPcFixjB2kiBfeTxpI+iIGcXtTHyKl4FoXMU2GWn6kyBlok7J2WYoxHYX14vIVlMhSYcK9V1nVT7OZaaEU7HJS9TNMVkiPu0a6jAMVV+Pj1/jE6N0kNRIk0Jjabq74kcx0qN4tB0xlgP1KI3Ef/zupmOrv2ciTTTVJDZoijjSCdokgXqMUmJ5iNDMJHM3IrIAEtMtEmsZEJwF19eJq1a1XWq7v1luX4zj6MIx3ACZ+DCFdThDhrQBAI5PMMrvFlP1ov1bn3MWgvWfOYQ/sD6/AHoC5N7</latexit><latexit sha1_base64="0zYLXB5KpqYuCfd7LWvMO9kPUhY=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIgrUkRdBl0Y3LCvYBTQiT6aQdOpmEmYlQQsFfceNCEbd+hzv/xuljoa0HLhzOuZd77wlTzpR2nG+rsLK6tr5R3Cxtbe/s7tn7By2VZJLQJkl4IjshVpQzQZuaaU47qaQ4Djlth8Pbid9+pFKxRDzoUUr9GPcFixjB2kiBfeTxpI+iIGcXtTHyKl4FoXMU2GWn6kyBlok7J2WYoxHYX14vIVlMhSYcK9V1nVT7OZaaEU7HJS9TNMVkiPu0a6jAMVV+Pj1/jE6N0kNRIk0Jjabq74kcx0qN4tB0xlgP1KI3Ef/zupmOrv2ciTTTVJDZoijjSCdokgXqMUmJ5iNDMJHM3IrIAEtMtEmsZEJwF19eJq1a1XWq7v1luX4zj6MIx3ACZ+DCFdThDhrQBAI5PMMrvFlP1ov1bn3MWgvWfOYQ/sD6/AHoC5N7</latexit>

log fi�3 +
<latexit sha1_base64="mmDTpBgVmNTMhESa6SKB4NpYxG4=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIgrUkKuiy6MZlBfuAJoTJdNIOnUzCzEQooeCvuHGhiFu/w51/4/Sx0NYDFw7n3Mu994QpZ0o7zrdVWFpeWV0rrpc2Nre2d+zdvaZKMklogyQ8ke0QK8qZoA3NNKftVFIch5y2wsHt2G89UqlYIh70MKV+jHuCRYxgbaTAPvB40kNRkLOzixHyKl4FoVMU2GWn6kyAFok7I2WYoR7YX143IVlMhSYcK9VxnVT7OZaaEU5HJS9TNMVkgHu0Y6jAMVV+Pjl/hI6N0kVRIk0JjSbq74kcx0oN49B0xlj31bw3Fv/zOpmOrv2ciTTTVJDpoijjSCdonAXqMkmJ5kNDMJHM3IpIH0tMtEmsZEJw519eJM3zqutU3fvLcu1mFkcRDuEITsCFK6jBHdShAQRyeIZXeLOerBfr3fqYthas2cw+/IH1+QPpmZN8</latexit><latexit sha1_base64="mmDTpBgVmNTMhESa6SKB4NpYxG4=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIgrUkKuiy6MZlBfuAJoTJdNIOnUzCzEQooeCvuHGhiFu/w51/4/Sx0NYDFw7n3Mu994QpZ0o7zrdVWFpeWV0rrpc2Nre2d+zdvaZKMklogyQ8ke0QK8qZoA3NNKftVFIch5y2wsHt2G89UqlYIh70MKV+jHuCRYxgbaTAPvB40kNRkLOzixHyKl4FoVMU2GWn6kyAFok7I2WYoR7YX143IVlMhSYcK9VxnVT7OZaaEU5HJS9TNMVkgHu0Y6jAMVV+Pjl/hI6N0kVRIk0JjSbq74kcx0oN49B0xlj31bw3Fv/zOpmOrv2ciTTTVJDpoijjSCdonAXqMkmJ5kNDMJHM3IpIH0tMtEmsZEJw519eJM3zqutU3fvLcu1mFkcRDuEITsCFK6jBHdShAQRyeIZXeLOerBfr3fqYthas2cw+/IH1+QPpmZN8</latexit><latexit sha1_base64="mmDTpBgVmNTMhESa6SKB4NpYxG4=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIgrUkKuiy6MZlBfuAJoTJdNIOnUzCzEQooeCvuHGhiFu/w51/4/Sx0NYDFw7n3Mu994QpZ0o7zrdVWFpeWV0rrpc2Nre2d+zdvaZKMklogyQ8ke0QK8qZoA3NNKftVFIch5y2wsHt2G89UqlYIh70MKV+jHuCRYxgbaTAPvB40kNRkLOzixHyKl4FoVMU2GWn6kyAFok7I2WYoR7YX143IVlMhSYcK9VxnVT7OZaaEU5HJS9TNMVkgHu0Y6jAMVV+Pjl/hI6N0kVRIk0JjSbq74kcx0oN49B0xlj31bw3Fv/zOpmOrv2ciTTTVJDpoijjSCdonAXqMkmJ5kNDMJHM3IpIH0tMtEmsZEJw519eJM3zqutU3fvLcu1mFkcRDuEITsCFK6jBHdShAQRyeIZXeLOerBfr3fqYthas2cw+/IH1+QPpmZN8</latexit><latexit sha1_base64="mmDTpBgVmNTMhESa6SKB4NpYxG4=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIgrUkKuiy6MZlBfuAJoTJdNIOnUzCzEQooeCvuHGhiFu/w51/4/Sx0NYDFw7n3Mu994QpZ0o7zrdVWFpeWV0rrpc2Nre2d+zdvaZKMklogyQ8ke0QK8qZoA3NNKftVFIch5y2wsHt2G89UqlYIh70MKV+jHuCRYxgbaTAPvB40kNRkLOzixHyKl4FoVMU2GWn6kyAFok7I2WYoR7YX143IVlMhSYcK9VxnVT7OZaaEU5HJS9TNMVkgHu0Y6jAMVV+Pjl/hI6N0kVRIk0JjSbq74kcx0oN49B0xlj31bw3Fv/zOpmOrv2ciTTTVJDpoijjSCdonAXqMkmJ5kNDMJHM3IpIH0tMtEmsZEJw519eJM3zqutU3fvLcu1mFkcRDuEITsCFK6jBHdShAQRyeIZXeLOerBfr3fqYthas2cw+/IH1+QPpmZN8</latexit>
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